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a b s t r a c t

This paper focuses on the estimation of the survival function of the non-terminal event time
for semi-competing risks data. Without extra assumptions, we cannot make inference on
the non-terminal event time because the non-terminal event time is dependently censored
by the terminal event time. Thus, we utilize the Archimedean copula model to specify the
dependency between the non-terminal event time and the terminal event time. Under
the Archimedean copula assumption, we apply the redistribution method to estimate the
survival function of the non-terminal event time and compare it with the copula-graphic
estimator introduced by Lakhal et al. (2008). We also apply our suggested approach to
analyze the Bone Marrow Transplant data.

© 2017 Published by Elsevier B.V.

1. Introduction

Consider the study of leukemia patients receiving the bonemarrow transplants (Klein andMoeschberger, 2003). Let T be
the relapse time of leukemia from the bone marrow transplant, and D be the time of death. If T occurs prior to D, the relapse
time of leukemia, T , and the death time, D, could be observed. If D occurs prior to T , the relapse time of leukemia, T , could
not be observed. Thus, the terminal event time D may censor the nonterminal event time T , but not vice versa. Further, T
and D may be correlated. This type of data is referred to as the semi-competing risks data by Fine et al. (2001), which has
been investigated by several literatures, such as Lagakos (1976, 1977), Flandre and O’Quigley (1995), Lin et al. (1996), Day
et al. (1997), Chang (2000), Rivest and Wells (2001), Wang (2003), Jiang et al. (2005b), Jiang et al. (2005a), Peng and Fine
(2005), Peng and Fine (2007), Hsieh et al. (2008), Lakhal et al. (2008), Ding et al. (2009), Hsieh and Huang (2012). In this
article, we would like to estimate the survival function of T under the semi-competing risk data. Because T is dependently
censored by the terminal event time D, we cannot use the Kaplan–Meier method to estimate the survival function of T . Fine
et al. (2001) proposed an estimator of the survival function of T by a straight algebraic calculation under a copula model.
Jiang, Fine, Kosorok and Chappell (2005) suggested a self-consistent estimator for the survival function of T . Lakhal et al.
(2008) applied the copula-graphic estimator to estimate the survival function of T , which was first introduced by Zheng and
Klein (1995). Here, we use the Archimedean copulas to model the dependency of (T ,D) on the semi-competing risks data
and apply a redistribution method to estimate the survival function of T .

The rest of this article is organized as follows. In Section 2, we introduce the data structure and the copula model. We
propose a redistribute-to-the-right algorithm to estimate the survival function of T under semi-competing risks data in
Section 3. In Section 4, we display the settings of simulation to assess the empirical performance of our proposed approach
and compare the redistribution method with the method by Lakhal et al. (2008). Then, we apply our proposed method to a
practical bone marrow transplant data in Section 5. In Section 6, we conclude with some remarks.
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2. Data and models

In this section, we introduce the semi-competing risks data. Let T be the time to non-terminal event and D be the time
to terminal event. The non-terminal event time may be censored by the terminal event time. But, the terminal event time is
not censored by the non-terminal event time. Let C be a right-censoring variable. Define X = T ∧ D ∧ C , δx = I(T < D ∧ C),
Y = D ∧ C , δy = I(D < C), where ∧ is the minimum operator and I(·) is the indicator function. Denote the observed data by
{(xi, yi, δxi , δyi ) : i = 1, . . . ,N}. Here, we assume (T ,D) are independent of C in the following inference.

To specify the dependence between T and D, we assume (T ,D) follow a copula model as

π (t, d) = P(T > t,D > d) = Cα{ST (t), SD(d)}, 0 ≤ t ≤ d, (1)

where ST (t) and SD(t) are the marginal survival functions of T and D. Cα(·) is the copula function and α is the association
parameter. The association parameter α in (1) does not have a direct interpretation, but it is related to Kendall’s tau, defined
by

τ = P{(T1 − T2)(D1 − D2) > 0} − P{(T1 − T2)(D1 − D2) < 0},

where (T1,D1) and (T2,D2) are independent replications of (T ,D). The advantage of the copula model is that the association
and themarginal distributions could be separated from the copula function. The Archimedean copula (AC)model is a popular
subclass of the copula model, which can be expressed as

Cα(u, v) = φ−1
α {φα(u) + φα(v)}, 0 ⩽ u, v ⩽ 1,

where φα is a non-increasing convex function defined on (0, 1] with φα(1) = 0.

3. The redistribution method

In this section, we introduce a redistribution algorithm to estimate ST (t) for the semi-competing risks data. Let
{x(1), . . . , x(k)} be the ordered distinct time points of {x1, . . . , xN}, where 0 < x(1) < x(2) < x(3) < · · · < x(k) < +∞.
For this data, if δx = 1, the non-terminal event time T could be observed and X = T . If δx = 0 and δy = 1, X = D. If δx = 0
and δy = 0, X = C . The observed data can be summarized as the grouped data {(x(j), nj, f 1j , f 2j ) : j = 1, 2, . . . , k}, where
nj =

∑N
i=1I(Xi = x(j)) denotes the number of individuals observed at x(j), f 1j =

∑N
i=1I(Xi = x(j), δxi = 0, δyi = 1), and

f 2j =
∑N

i=1I(Xi = x(j), δxi = 0, δyi = 0). N =
∑k

j=1nj. For s = 1, 2, . . . , k + 1, let Is denote the interval (x(s−1), x(s)], where
x(0) = 0, x(k+1) = ∞. LetMs =

∑N
i=1I(Ti ∈ Is) denote the number of individuals whose non-terminal events occur exactly on

Is. Let Ps = P(T ∈ Is) denote the probability of the individuals failed in Is. To specify the dependence of (T ,D), assume (T ,D)
follow a Archimedean copula (AC) as:

P(T > t,D > d) = φ−1
α [φα(ST (t)) + φα(SD(d))],

where ST (t) and SD(d) are marginal survival functions of T and D. If δxi = 0 and δyi = 1, define

S∗

T (x(s)|x(j)) = P(T > x(s)|D = x(j)) =
P(T > x(s),D = x(j))

P(D = x(j))
= φ−1′

α [φα(ST (x(s))) + φα(SD(x(j)))]φ′

α(SD(x(j)))

= φ−1′
α [φα(

k+1∑
j=s+1

Pj) + φα(SD(x(j)))]φ′

α(SD(x(j))),

π∗

js = P(x(s−1) < T ≤ x(s)|D = x(j)) = S∗

T (x(s−1)|x(j)) − S∗

T (x(s)|x(j)),

where φ−1′
α (t) = ∂φ−1

α (t)/∂t , φ′
α(t) = ∂φα(t)/∂t , and j < s. Note that S∗

T (x(k+1)|x(j)) = S∗

T (∞|x(j)) = 0. If δxi = 0 and δyi = 0,
define

S∗∗

T (x(s)|x(j)) = P(T > x(s)|D > x(j)) =
φ−1

α [φα(ST (x(s))) + φα(SD(x(j)))]
SD(x(j))

=
φ−1

α [φα(
∑k+1

j=s+1 Pj) + φα(SD(x(j)))]

SD(x(j))
,

π∗∗

js = P(x(s−1) < T ≤ x(s)|D > x(j)) = S∗∗

T (x(s−1)|x(j)) − S∗∗

T (x(s)|x(j)),

where j < s, and S∗∗

T (x(k+1)|x(j)) = S∗∗

T (∞|x(j)) = 0.

Theorem. According to the notations in the above, the following equation holds:

Ps =
1
N

[

s−1∑
j=1

E(f 1j )
π∗

js I(s > 1)∑k+1
r=j+1 π∗

jr

+

s−1∑
j=1

E(f 2j )
π∗∗

js I(s > 1)∑k+1
r=j+1 π∗∗

jr

+ E(ns − f 1s − f 2s )], (2)

where s = 1, 2, . . . , k + 1.
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