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a b s t r a c t

The possibility of swelling of single polyelectrolyte chains in dilute aqueous solution by free ions in the
presence of a small amount of salt is investigated using a mean-field approach. The swelling of chains by
free ions is more likely for larger chains in solutions containing only a small amount of salt. The swollen
chains are likely to retain a spherical structure.

© 2017 The Author. Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The conformation of single polymer chains is an important basis
for understanding wider polymer properties [1e4]; in particular
the miscibility of polymers in solution is intimately linked to
polymer conformation. Polyelectrolytes are an interesting class of
material because their conformation is controlled by solution
miscibility and charge [4e6]. Weak polyelectrolytes are those in
which solution pH enables control over molecular charge, and thus
their conformation. As a consequence, this shape control confers
‘smart’ properties to these materials, due to their capacity for
actuation [7e9], which may be used, for example, as a means of
controlling adhesion [10e13]. The link between conformational
transitions and solubility is already being exploited commercially
in drug release applications [14,15].

Weak polyelectrolytes are predicted to have various structures
as a function of their size [6]. In dilute aqueous solution the shape
of the smallest chains is dominated by their thermal energy, and
these form self-avoiding random walks, as predicted by Flory
theory for neutral polymers. The size of these is controlled by the
degree of ionization but for longer chains the electrostatic energy
within the chain becomes significant compared to thermal energy,

and the chain experiences Coulombic repulsion, which is expected
to deform it to the shape of a prolate spheroid [6,16]. For larger
polyelectrolytes the tension within the chain becomes non-linear
and the chain forms rods of connected “electrostatic blobs”,
which define the limit below which the conformation is unper-
turbed by electrostatic effects. Finally, when chains are large
enough to bend, such that the Coulombic cost of doing so is
comparable to thermal energy (i.e. above their electrostatic
persistence length [17,18]) chains can again be considered to be
flexible [19].

The addition of salt to the solution complicates the picture due
to the effect that salt has in shielding charge. However, for sub-mM
quantities of added salt, the Debye length (as a measure of the
length scale above which charges are shielded) can be larger than
the chain size. In this case, ions close to the polyelectrolyte are not
shielded. In this work it is argued that, in solutions with small
quantities of salt, polyelectrolytes form a potential well into which
ions can fall, and their osmotic pressure causes the polyelectrolyte
to have a spherical conformation. In order to describe this, a mean-
field argument is used to determine the range of chain sizes and salt
concentrations for which an osmotic behaviour occurs.

2. The osmotically swollen chain

The swelling of a neutral polymer chain in a good solvent has
long been understood to be a compromise between excluded vol-
ume, which stretches the chain, and the entropic elasticity of the
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chain, which limits this deformation. The total energy of this chain
is given by

En ¼ kBTR2

2a20N
þ kBTvN2

R3
; (1)

where kB is the Boltzmann constant, T, the absolute temperature, N,
the number of monomers in the polymer, n, the excluded volume, R,
the chain size (end-to-end distance), and a0, the Kuhn step length.
For partially ionized chains in the absence of salt, long-range
Coulombic interactions dominate excluded volume and the total
energy is given by

Ei ¼
kBTR2

2a20N
þ 3
5

� f 2N2e2

4pε0εrðR=2Þ
�
; (2)

where f is the fraction of monomers containing the elemental
charge ± e, ε0 is the vacuum constant, and εr is the relative
permittivity, which for water is εr ¼ 80. Here the chain is assumed
to form a sphere of uniform charge density, which gives rise to the
factor 3/5 in the electrostatic energy term.

A polymer subject only to excluded volume considerations
would have a chain length given by the minimization of equation
(1), R f N3/5, and one by electrostatic considerations would have,
from the minimization of equation (2), R f N. For Coulombic in-
teractions to dominate over excluded volume, R > a0Nc

3/5, a
requirement which occurs at a critical value of N, given by

Nc ¼
�5ð4pεrε0ÞkBTa0

6f 2e2

�5=6
f

�
a0
lBf 2

�5=6
(3)

which is obtained by minimizing equation (2) and substituting
R¼ RF ¼ a0N

3/5 (the Kuhn step length is used for the Flory radius, RF
and excluded volume corrections are neglected). Here lB is the
Bjerrum length, e2/4pε0εrkBT, which is 0.7 nm inwater. A chainwith
charge Nfe will attract ions towards it, but only those within a
length scale of NflB. Ions located further than this length from the
chain will have sufficient thermal energy to escape interactions
with the polyelectrolyte. At pH 7 in salt-free solution for example,
charges are typically a few microns apart. These are initially
attracted into the chain which acts a potential well. In Fig. 1, Nc is
plotted as a function of f and it is clear from the calculation that
most weak polyelectrolytes are able to absorb free ions into the
chain. Here a0 ¼ 0.6 nm, which is typical of many polymers, such as

poly(methacrylic acid) [20] (force spectroscopy measurements
were used to obtain a persistence length of 0.3 nm, which is half the
Kuhn length).

Chains larger than Nc experience an osmotic pressure from the
ions attracted into the chain, which will act to swell the chain.
These ions reduce the electrostatic energy in equation (2) to zero or
close to zero, so that such osmotically swollen chains are signifi-
cantly less extended than they would be in the absence of free ions.
It is likely that these osmotically swollen chains are equilibrium
structures because they use ions from their environment to stabi-
lise the whole chain conformation. The contribution to the free
energy due to the osmotic pressure of the ions is proportional to the
concentration of the counter-ions [21] and the total free energy is
given by

E ¼ kBTR2

2a20N
þ kBTfNa3c

R3
þ kBTvðf ÞN2

R3
; (4)

where ac is the volume of a free ion and the excluded volume is here
dependent upon the degree of ionization. The inclusion of an
excluded volume n(f) is to prevent the unphysical situationwhereby
osmotic pressure causes R f N2/5. The chain size is thus

Rf
�
N2a20

�
fa3c þ vðf ÞN

��1=5
(5)

The ions shield Coulombic repulsion along the chain so that the
polymer conformation has only a slightly larger chain-length
dependence than the self-avoiding walk, with the osmotic pres-
sure term acting as a perturbation to that of the excluded volume.
Excluded volume treatments generally require that neighbouring
monomers interact only weakly, which is not a valid approximation
in charged systems [22]. However, it can be suggested that because
lB z a0, the excluded volume should increase with the degree of
ionization and so can as a first approximation be set to n(f) ¼
(1 þ f2)3a03, which uses a weighted average of a0 and (1 þ f)a0. For
large Debye lengths, the concentration of charges on the chain can
be taken as being fixed (being defined by fN) and the chain
persistence length is therefore independent of salt concentration.
However, even when the Debye length is significantly larger than
the step length (as opposed to chain size) and controls the chain
persistence length, the N3/5 scaling of chain size is retained [23].
Despite the large Debye length in solution, the Debye length close
to the chain will be somewhat shorter due to the larger density of
charges within it, so in reality some chain stiffening is likely.

Free ions trapped by the chain may well condense on the chain,
reducing f. This has not been considered in the present work,
although its effect is only to change the appropriate value of f for a
given system rather than change the actual conformational
behaviour of the polyelectrolyte.

The usual method of treating the conformational behaviour of
polyelectrolytes in dilute solution is due to the Flory arguments of
Kuhn, Künzle, and Katchalsky [6,16], which suggest that chains
larger than an electrostatic blob form ellipsoid conformations. This
model is incompatible with the ideas in the present work, because
ions inside the polymer shield the charges on the chain. Never-
theless, for smaller chains (N � 300) molecular dynamics simula-
tions have shown that Flory arguments are applicable, at least away
from chain ends [24]. It will be seen that the arguments presented
in the current work are for chains significantly larger than these.

The assumption that the chain is osmotically swollen by a
number of counter-ions equal to the number of charges on the
chain means that the Coulombic term in equation (2) is discarded
from equation (4). However, should there be fewer counter-ions
swelling the chain, then the Coulombic term would be required,

Fig. 1. Nc(f) calculation from equation (3) for T ¼ 300 K, εr ¼ 80, and a0 ¼ 0.6 nm. All
but the smallest f will result in ions attracted into the swollen chain.
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