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a b s t r a c t

This paper discusses unified criteria for the local buckling of multi-walled carbon nanotubes in both com-
pression and bending deformations from a standpoint of atomic simulations. Defective and non-defective
five-walled carbon nanotubes are subjected to compression and bending deformation by the molecular
dynamics method using the adaptive intermolecular reactive empirical bond order potential. The atomic
elastic stiffness of each atom, Baij , is then evaluated during the deformations to discuss the onset of local
buckling. The Baij corresponds to the second-order derivatives of the atomic energy, i.e., the gradient of the
local stress–strain surfaces in six-dimensional strain space. If Baij has a negative eigenvalue, a local unsta-
ble path will exist in the direction of the strain. Under compression, the smallest eigenvalues, kað1Þ, of the
Baij for all atoms changes to a negative value long before buckling occurs, while the second-smallest eigen-
values, kað2Þ, of the Baij of some atoms change to a negative value just prior to buckling. Under bending
deformation, the change in the positivity of kað2Þ corresponds to a rippling deformation on the side of com-
pressive bending stresses. A variation in the location of defects in the carbon nanotubes affects the peak
stresses under compression and the peak moments under a bending deformation. However, for all mod-
els, local buckling occurs from the dense region of atoms whose kað2Þ < 0 in some outer layers. This sug-
gests that the atomic elastic stiffness is capable of acting as an evaluation criterion for local buckling in
multi-walled carbon nanotubes.

� 2017 Elsevier B.V. All rights reserved.

1. Introduction

Since their discovery [1], carbon nanotubes (CNTs) have been
researched extensively in several scientific fields to understand
their mechanical, electrical and thermal properties. They have been
found to possess a high axial stiffness and exhibit very high
strength under axial tension. On the other hand, buckling of the
CNTs occurs easily under axial compressive loads. This unstable
behavior of CNTs has been studied using atomic simulations and
continuum mechanics because experimental measurements of
axial compression are difficult to perform owing to the small scale
and high aspect ratio of CNTs. The mechanical properties, including
the buckling behavior in CNTs, have been reviewed by Rafiee et al.
[2] and Yengejeh et al. [3]. Buehler et al. [4] have investigated

single-walled CNTs (SWCNTs) under axial compression using the
molecular dynamics (MD) method. While the buckling behavior
could be estimated with thin-shell models for SWCNTs possessing
small aspect ratios, it changes to a rod-like buckling mode in
SWCNTs with large aspect ratios, analogous to the Euler theory
in continuum mechanics. Effects of atomic-scale defects observed
by an experimental study [5,6] on buckling behavior has been dis-
cussed using MD methods [7] and continuum-shell models [8].
Under a bending deformation, local buckling behavior is also
observed on the side of compressive stresses [9,10]. The buckling
behavior of SWCNTs under compression and bending deformations
has been systematically investigated using atomic simulations and
continuum mechanics [11–13]. In addition, Garg et al. [14] have
observed the onset of local buckling and the post-buckling under
compression and bending in multi-walled CNTs (MWCNTs) using
the finite element-based nested structural shell representation
model. However, there is limited research reporting unified criteria
for local buckling under compression and bending in MWCNTs
using atomic simulations.
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We performed compression and bending simulations of defec-
tive and non-defective MWCNTs using the MD method, and evalu-
ated the atomic elastic stiffness of each atom, Baij , to discuss the

onset of local buckling. The Baij corresponds to the second-order
derivatives of the atomic energy, or the gradient of the local
stress–strain surfaces in the six-dimensional strain space. If Baij
has a negative eigenvalue, a local unstable path will exist in the
strain direction. Some studies have discussed the buckling behav-
ior of SWCNTs under compression using the positivity of the Hes-
sian of the energy in the whole system [15,16]. Kinoshita et al.
investigated the buckling limits of non-defective and defective
SWCNTs using molecular mechanics simulations, and checked
the positivity of the system Hessian against all of the degrees of
freedom. The buckling point is defined by the change of the mini-
mum eigenvalue from positive to negative, and the global buckling
mode, such as Euler buckling, is detected as the eigenvector corre-
sponding to the minimum eigenvalue. In contrast, the eigenvalue
analysis of Baij in this study is used to easily comprehend the disap-
pearance of the local stiffness at each atom position rather than
discuss the unstable mode for the whole system. In our previous
study [17], the detðBaijÞ of all atoms were found to change to a neg-
ative value long before buckling occurred, while the second-
smallest eigenvalues of Baij of some atoms changed to a negative
value just prior to buckling. The existence of dense regions of
atoms that possess two negative eigenvalues of Baij was found to
correspond with the onset points of local buckling under compres-
sion. In the present study, we further examined the Baij in MWCNTs
under bending deformations and discussed the relationships
between local buckling and eigenvalues of Baij to clarify the criteria
for local buckling in MWCNTs under compression and bending
deformations.

2. Computational model

2.1. Atomic elastic stiffness

The elastic stiffness or stress–strain coefficients are written as
[18]

Bijkl � @rij
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where dij is the Kronecker delta. With an isothermal process, the
stress, rij, and the elastic coefficients, Cijkl, are defined as
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Here, F is the Helmholtz free energy and V is the system volume at
equilibrium. Note that the differentiation in Eq. (2) is for the
infinitesimal virtual strain, gij, at equilibrium under an external
load. In the linear elasticity region, Bijkl is identical to Cijkl, but they
are not equivalent in the nonlinear elasticity region or the finite
strain region. That is, Bijkl represents the gradient at the stress–
strain surface in six-dimensional strain space, whether the system
is linearly or nonlinearly elastic. Wang et al. has proposed a method
for evaluating the lattice stability at a finite strain and temperature
on the basis of the positive definiteness of the elastic stiffness coef-
ficients [19,20]. In this method, the symmetric part of the tensor in
Eq. (1), Bsym

ijkl � ðBijkl þ BlkjiÞ=2, dominates the lattice stability. Namely,

the symmetric tensor Bsym
ijkl is represented by the 6� 6 matrix

Bij ði; j ¼ 1–6Þ, in the Voigt notation [18]. If any eigenvalues of Bij

become negative, the crystal loses resistance to the strain that

corresponds to the eigenvector for the negative eigenvalue. Thus,
the instability criterion can be written as detðBijÞ < 0.

We next apply this criterion to the local domain, and we discuss
the local deformation behavior using the atomic elastic stiffness, Baij
[17,21,22], where a is an arbitrary atom for which we can define
Baij . The Baij is numerically evaluated using the change in atomic
stress, ra

i , that occurs owing to a local strain perturbation applied
to the atomic structure under compression and bending
simulations,

Baij ¼
Dra

i

Dej
¼ Dra

i ðXÞ � Dra
i ðxÞ

Dej
: ð3Þ

The local strain perturbation, Dei, is set to 0:001, and corresponds to
the deformation present between the different equilibria x and X.

2.2. Simulation procedure

MWCNTs with many layers should be investigated to observe
the universal behavior, because it is difficult to separate the effect
of the innermost or outermost layer in MWCNTs with a small num-
ber of layers, such as double- and triple-walled CNTs. Thus, the
MWCNT model used in this work was composed of five layers
(i.e., five walls, denoted 5WCNT), with each subsequent concentric
layer possessing a chirality [23] of (7,7), (12,12), (17,17), (22,22)
and (27,27), respectively. The non-defective 5WCNT is made using
a MD calculation for 50 ps at 0.1 K using a periodic boundary con-
dition in the longitudinal direction (z axis) only. During the calcu-
lation, a normal stress in the longitudinal direction is held to be
zero by expansion or contraction of the tube length. Interatomic
interactions are evaluated using the adaptive intermolecular reac-
tive empirical bond order (AIREBO) potential [24]. The potentials
are developed by Stuart et al. from the second-generation REBO
potential [25] and can describe transitions between covalent bond-
ing interactions and non-bonding ones owing to the chemical envi-
ronment changes. The time increment for the MD calculation was
set to 1 fs, the total number of atoms was 27,200, and the cell
length in the longitudinal direction was 19.36 nm after relaxation.
The average interlayer distance after relaxation is 0.3335 nm,
which is close to the interlayer distance of graphite of 0.3354 nm
using the AIREBO potential [24]. This suggests that the effect of
interlayer interactions on the initial structural instability is smaller
than in other chirality models. Various defects are observed in
CNTs and graphene sheets, such as one carbon atom vacancies,
two neighboring vacancies, and pentagon–octagon–pentagon
defects [5,6]. In this study, a vacancy-type (VT) defect (i.e., a one
carbon atom vacancy) was inserted by removing an atom from
each layer of the non-defective 5WCNT to investigate the effect
of the location of the defect. A 5WCNT with a VT defect on the
innermost layer is labeled in this work as a VT1 model. In this
way, five defective 5WCNT models with a VT defect in each of
the five subsequent concentric 5WCNT layers are produced, and
are respectively labeled the VT1, VT2, VT3, VT4 and VT5 models.

Next, each defective and non-defective 5WCNT was subjected
to uniaxial compression under a periodic boundary condition in
the longitudinal direction. The compressive strain was provided
by a uniform contraction of each atom position to avoid the occur-
rence of elastic waves, and the strain rate was held constant at
�2:0� 108 s�1. In a previous study [17], we have reported results
for the compression of 5WCNTs, but the relaxation durations
before compression in that study were as short as 15 ps. Thus,
the results found in the present study are slightly different from
those previous results.

In addition, each defective and non-defective 5WCNT was
subjected to a bending deformation wherein the atomic structures
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