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Let R be a left noetherian ring and S a right noetherian 
ring, and let X be a subcategory of finitely generated left 
R-modules and RBS a finite (R, S)-bimodule. As a generaliza-
tion of the Auslander transpose, replacing a projective presen-
tation by an X -presentation and the functor HomR(−, R) by 
the functor HomR(−, B), we introduce the X (B)-transpose of 
an R-module M admitting an X -presentation. For a suitable 
subcategory X , some useful properties of X (B)-transposes are 
obtained. It is shown that the X (B)-transpose shares many 
nice properties with the Auslander transpose. Some known 
results are obtained as corollaries.

© 2017 Elsevier Inc. All rights reserved.

0. Introduction

In this paper, R is a left noetherian ring and S is a right noetherian ring. We use 
mod-R (mod-Sop) to denote the category of finitely generated left R-modules (right 
S-modules). Let Q ∈ mod-R. Denote addQ the full subcategory of mod-R whose objects 
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are the direct summands of finite direct sum copies of Q. All modules considered are 
finitely generated.

The transpose was originally introduced by Auslander and Bridger in [2]. It plays 
an important role in the construction of the well-known Auslander–Reiten sequence 
(see [1]). Martsinkovsky and Strooker introduced the notion of linkage for modules over 
non-commutative semiperfect rings by using the Auslander–Bridger transpose in [13]. 
In order to study the theory of linkage for modules of finite GC-dimension, replacing 
the functor HomR(−, R) by the functor HomR(−, C), Dibaei and Sadeghi introduced 
in [5] the C-transpose TrCM for an R-module M with respect to a semidualizing 
R-module C. Substituting the Gorenstein projective presentation for the projective pre-
sentation, Huang and Huang introduced the Gorenstein transpose in [12]. An R-module 
M is called C-projective if there is a projective R-module P such that M = C ⊗R P . In 
[15], replacing the projective presentation by the C-projective presentation and the func-
tor HomR(−, R) by the functor HomR(−, C) for a semidualizing R-module C, Salimi, 
Tavasoli, Moradifar and Yassemi introduced the relative Auslander dual (see [15, Defini-
tion 3.4]). Let X be a subcategory of mod-R. By an X -resolution of an R-module M , we 
mean an exact sequence · · · → X2 → X1 → X0 → M → 0 with Xi ∈ X for all i ≥ 0. For 
an R-module M admitting an X -resolution, in this paper, we introduce a more general 
relative transpose for M by replacing the projective presentation by the X -presentation 
and the functor HomR(−, R) by the functor HomR(−, B) with respect to an R-module 
B. This relative transpose for M is called X (B)-transpose of M and denoted by TrBXM . 
The main purpose of the present paper is to generalize some well-known results about 
the Auslander–Bridger transpose to the setting of this relative transpose. The structure 
of the paper is as follows.

In Section 1, we give the definition of the relative transpose with respect to a suitable 
subcategory X and a finite (R, S)-module RBS and consider some interesting examples.

An X -presentation of M is called proper if it is HomR(X, −)-exact for all X ∈ X . 
An X (B)-transpose for M obtained by a proper X -presentation is called a proper 
X (B)-transpose. Two modules M and N are said to be XB-equivalent if M ⊕ XB ∼=
N ⊕ Y B with X, Y ∈ X and (−)B := HomR(−, B). In Section 2, we prove that two 
proper X (B)-transposes for M are XB-equivalent when X is a subcategory of mod-R
closed under extensions and either direct summand or kernels of epimorphisms (see The-
orem 2.3). Some results in [14,15] are generalized.

Let X be a subcategory of mod-R. A subcategory H of X is called a generator for X
if, for each object X ∈ X , there exists an exact sequence 0 → X ′ → H → X → 0 such 
that H is an object in H and X ′ ∈ X . Dually, a cogenerator for a subcategory can be 
defined. The subcategory H is an Ext-injective generator for X if H is a generator for 
X and Ext≥1

R (X, H) = 0 for each X ∈ X and each H ∈ H. A module B is called a 
generator for X if addB is a generator for X . Section 3 is devoted to discuss the relation 
between X (B)-transposes and B-transposes when B is an Ext-injective generator for X , 
where the B-transpose is the abbreviation of the addB(B)-transpose. Let R be a left 
and right noetherian ring and X be a subcategory of mod-R closed under extensions 
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