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For each two-dimensional vector space V of commuting n ̂ n
matrices over a field F with at least 3 elements, we denote 
by rV the vector space of all pn ` 1q ˆ pn ` 1q matrices 
of the form 

”

A ˚

0 0

ı

with A P V . We prove the wildness of 
the problem of classifying Lie algebras rV with the bracket 
operation ru, vs :“ uv ´ vu. We also prove the wildness 
of the problem of classifying two-dimensional vector spaces 
consisting of commuting linear operators on a vector space 
over a field.
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1. Introduction

Let F be a field that is not the field with 2 elements. We prove the wildness of the 
problems of classifying

• two-dimensional vector spaces consisting of commuting linear operators on a vector 
space over F (see Section 2), and

• Lie algebras LpV q with bracket ru, vs :“ uv ´ vu of matrices of the form
»

—

—

–

A

α1
...
αn

0 . . . 0 0

fi

ffi

ffi

fl

, in which A P V, α1, . . . , αn P F, (1)

in which V is any two-dimensional vector space of n ̂ n commuting matrices over F
(see Section 3).

A classification problem is called wild if it contains the problem of classifying pairs of 
n ̂ n matrices up to similarity transformations

pM,Nq ÞÑ S´1
pM,NqS :“ pS´1MS,S´1NSq

with nonsingular S. This notion was introduced by Donovan and Freislich [8,9]. Each 
wild problem is considered as hopeless since it contains the problem of classifying an 
arbitrary system of linear mappings, that is, representations of an arbitrary quiver (see 
[13,5]).

Let U be an n-dimensional vector space over F. The problem of classifying linear 
operators A : U Ñ U is the problem of classifying matrices A P F

nˆn up to similarity 
transformations A ÞÑ S´1AS with nonsingular S P F

nˆn. In the same way, the problem 
of classifying vector spaces V of linear operators on U is the problem of classifying matrix 
vector spaces V Ă F

nˆn up to similarity transformations

V ÞÑ S´1V S :“ tS´1AS |A P V u (2)

with nonsingular S P F
nˆn (the spaces V and S´1V S are matrix isomorphic; see [14]). 

In Theorem 1(a), we prove the wildness of the problem of classifying two-dimensional 
vector spaces V Ă F

nˆn of commuting matrices up to transformations (2).
Each two-dimensional vector space V Ă F

nˆn is given by its basis A, B P V that is 
determined up to transformations pA, Bq ÞÑ pαA ̀ βB, γA ̀ δBq, in which 

“ α γ
β δ

‰

P F
2ˆ2

is a change-of-basis matrix. Thus, the problem of classifying two-dimensional vector 
spaces V Ă F

nˆn up to transformations (2) is the problem of classifying pairs of linear 
independent matrices A, B P F

nˆn up to transformations

pA,Bq ÞÑ pA1, B1
q :“ S´1

pαA ` βB, γA ` δBqS, (3)
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