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a b s t r a c t

We investigate multivariate integration for a space of infinitely
times differentiable functions Fs,u := {f ∈ C∞

[0, 1]s | ∥f ∥Fs,u <
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f and u = {uj}j≥1 is a sequence of positive decreasing

weights. Let e(n, s) be the minimal worst-case error of all algo-
rithms that use n function values in the s-variate case. We prove
that for any u and s considered e(n, s) ≤ C(s) exp(−c(s)(log n)2)
holds for all n, where C(s) and c(s) are constants which may de-
pend on s. Further we show that if the weights u decay sufficiently
fast then there exist some 1 < p < 2 and absolute constants C and
c such that e(n, s) ≤ C exp(−c(log n)p) holds for all s and n. These
bounds are attained by quasi-Monte Carlo integration using digital
nets. These convergence and tractability results come from those
for the Walsh space into which Fs,u is embedded.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we approximate the integral on an s-dimensional unit cube
[0,1)s

f (x) dx
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by a quasi-Monte Carlo (QMC) algorithm which uses n function values of the form

An,s(f ) :=

n
i=1

1
n
f (ti) for ti ∈ [0, 1)s.

One classical issue is the optimal rate of convergence with respect to n. Another important issue is
the dependence on the number of variables s, since s can be hundreds or more in computational
applications. The latter issue is related to the notion of tractability if we require no exponential
dependence on s.

A large number of studies have been devoted to numerical integration on the unit cube for
various function spaces. One typical case is that functions are only finitely many times differentiable,
e.g., functions with bounded variation, periodic functions in the Korobov space and non-periodic
functions in the Sobolev space, see [14,18,16,5] and the references therein. For these cases, it is known
that the rate of convergence is O(n−α) for some α > 0 and thus we have polynomial convergence.
Another interesting case is when the functions are smooth, i.e., infinitely times differentiable. Dick [2]
gave reproducing kernel Hilbert spaces based on Taylor series for which higher order QMC rules
achieve a convergence of O(n−α) with α > 0 arbitrarily large. The spaces were later generalized
in [23]. Further results were proved in [4,10], where it is shown that exponential convergence
holds for the Korobov space of periodic functions whose Fourier coefficients decay exponentially
fast. Exponential convergence means that the integration error converges as O(qn

p
) for some q ∈

(0, 1), p > 0. Note that exponential convergence was also shown for Hermite spaces on Rs with
exponentially fast decaying Hermite coefficients [9].

In this paper we focus on a weighted normed space of non-periodic smooth functions
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with a sequence of positive weights u = {uj}j≥1, where f (α)
:=

∂ |α|
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f . It is easy to check that

all functions in Fs,u are analytic from Taylor’s theorem. For s = 1, it is known that the integration
error using Gaussian quadrature with n points converges factorially, see, for instance, [1, (6.53)]. Our
interest is the multivariate QMC rules using so-called digital nets. This is motivated by the results by
Yoshiki [22] and is closely related to the notion of Walsh figure of merit (WAFOM) [12,20,22] first
introduced by Matsumoto, Saito and Matoba. WAFOM is a criterion for numerical integration using
digital nets and is computable in a reasonable time. Hence we can search for good digital nets with
respect toWAFOM by computer, see [12,7,6] for numerical experiments. We observe that generalized
WAFOM works well for the space Fs,u, see Remark 6.4.

The first purpose of this paper is to show that the integration error of QMC rules using digital
nets for Fs,u can achieve super-polynomial convergence as O(exp(−c(log n)2)) ≍ O(n−c log n) for all s
and u considered. Here the hidden constant and c may depend on s. We remark that this convergence
behavior was first observed in [13] as the decay of the lowest-WAFOMvalue and that the combination
of [13,22] implies the convergence result for Fs,(1/2)j≥1 .

We also consider tractability for Fs,u. Let us briefly recall the notion of tractability (see [15–17] for
more information). Let n(ε, s) be the information complexity, i.e., the minimal number n of function
values which are required in order to approximate the s-variate integration within ε. An integration
problem is said to be tractable if n(ε, s) does not grow exponentially in ε nor s. In particular, two
notions of tractability have been mainly considered: polynomial tractability, i.e., n(ε, s) ≤ Cε−τ1sτ2 ,
and strong polynomial tractability, i.e., n(ε, s) ≤ Cε−τ1 for τ1, τ2 ≥ 0. A common way to obtain
tractability is to consider weighted function spaces as introduced by Sloan and Woźniakowski [19].
Weighted spaces here mean that the dependence on the successive variables can be moderated by
weights. Our weights u play the same role. For tractability results for spaces of smooth functions, see
also [8].



Download English Version:

https://daneshyari.com/en/article/5773854

Download Persian Version:

https://daneshyari.com/article/5773854

Daneshyari.com

https://daneshyari.com/en/article/5773854
https://daneshyari.com/article/5773854
https://daneshyari.com

