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A packing of two graph G; and G, is a set {H;, H,} such that H; = G4, H, = G, and H; and
H, are edge disjoint subgraphs of K. Let F be a family of graphs. A F-near-packing of G,
and G, is a generalization of a packing. In a F-near-packing, H; and H, may overlap so the
subgraph defined by the edges common to both of them is a member of F. In the paper
we study three families of graphs (1) & -the family of all graphs with at most k edges, (2)
Dy —the family of all graphs with maximum degree at most k, and (3) Ky —the family of all
graphs having the clique number at most k. By m(n, ) we denote the smallest number m
such that there are graphs G; and G, both of order n with |E(G)| + |E(G2)| = m which
do not have a F-near-packing. It is well known that m(n, &) = m(n, Dy) = m(n, K1) =
L@J + 1 because a &, Dy or K1-near-packing is just a packing. In this paper we prove
that m(n, £&;) = m(n, D;) = 2n — 1 and, for sufficiently large n, m(n, D,) = L@J +1.
We also obtain distinct bounds on m(n, &) for k > 2, m(n, D3), and m(n, Ky) for k > 2,
under conditions imposed on n and k.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

We use the term graph to refer to simple graphs without loops or multiple edges. The vertex set and edge set of a graph
G are denoted by V(G) and E(G), respectively. Two graphs G; and G, pack (into a complete graph K,) if there is a pair of
edge-disjoint subgraphs {H;, H,} of K, such that H; = G; and H, = G,. Extremal problems on graph packing have been
actively studied since the seventies. In 1978, Bollobas and Eldridge [2] and Sauer and Spencer [8] proved several important
results. In particular Sauer and Spencer [8] showed the following theorem.

Theorem 1 ([8]). Let G; and G, be two graphs on n vertices. If

E(G)| + |E(G)] < P”;”J ,

then Gy and G, pack.

The bound in Theorem 1 is sharp.

In this paper we consider the following generalization of the notion of the packing. Let F be a family of graphs. We say
that G; and G, have a F-near-packing (into a complete graph K,) if there is a pair of subgraphs {H1, H,} of K, with H; = G,
and H, = G, and such that the subgraph defined by the common edges of H; and H, is a member of F.
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More technically, let G be a graph and W any set with |V(G)| < |W|. Given an injection f : V(G) — W, let f(G) denote
the graph defined as follows

f(G) = W, {f(u)f(v) : uv € E(G)}) .
For two graphs G; and G; let
G1 @ Gy = (V(G1) U V(Gy), E(G1) UE(Gy))
G1 O Gy = (V(G1) NV(Gy), E(G1) N E(G2))
(note that V(G;) and V(G,) do not need to be disjoint).
Definition 1. Let 7 be any family of graphs and let G;, G, be two graphs with |V(G;)| = |V(G,)|. A F-near-packing of G; and
G, is a bijection f : V(G;) — V(G,) such that f(G1) © G, € F.

We consider three families of graphs : (1) & being the family of all graphs with at most k edges, (2) Dy being the family
of all graphs with maximum degree at most k, and (3) Kx being the family of all graphs with the clique number at most
k. By m(n, F) we denote the smallest number m such that there exist two graphs G; and G, both of order n and satisfying
|E(G1)|+|E(G2)| = m, which do not have a F-near-packing. Since a &y, a D or a K1-near-packing is just a packing, Theorem 1
may be reformulated in the following way
Theorem 2 ([8]). m(n, K1) = m(n, D) = m(n, &) = [3(n — 1)/2] + 1.

Near-packings were first mentioned (however, not under this name) by Bollobas and Erdds. They asked to determine
m(n, &), see [1] pp. 436, Problem 24. Eaton [5] studied Dy-near-packings, and the second author studied F-near-packings
of two copies of the same graph [9].

The notation is standard. For notions not defined here we refer to [3].

2. &,-near-packings
Theorem 3. m(n, &) > +/2(k + 1)n(n — 1).

Proof. Let G, G, be two graphs of order n satisfying
[E(G1)| + [E(G2)| < v/2(k+ 1)n(n — 1).
Thus,
2
2(k + T)n(n — 1) n
[EGI - [E(G)] < (f = (k+1)(3)- (1)
Consider the probability space whose n! points are all bijections f : V(G;) — V(G). For any two edges e; € E(G1), e; € E(G,)

let X,,e, denote the indicator random variable with value 1if f(e;) = e,. Then

2(n —2)! -1
E(Xee,) = PriXee, = 1] = % = <Tzl) ’

LetX = 3 . ck(c,).epck(c,)Xereo- Thus, by the linearity of expectation and by (1), we have

-1
EO= ) Eew) =G IEGI(L) <k+1.

e1€E(Gy).e2€E(Gy)
This implies that there exists a bijection f such that f(G;) © G; has at most k edges. Thus, f is a &-near-packing of G; and
Gy, O
Corollary 4.
m(n, &) =2n— 1.

Proof. By Theorem 3, m(n, &) > 2(n — 1). On the other hand the examples G; = Kj -1 and G, = C, show that
mn,&)<2n—1. O

Given two graphs G; and G, with V(G;) N V(G,) = @, the join Gy * G, is a graph G with V(G) = V(G;) U V(G;) and
E(G) = E(G1) UE(G) U {uv : u € V(Gy), v € V(G;)}. Below we show that the bound in Theorem 3 is very near to be sharp.

Theorem 5. Let no(k) be sufficiently large. Let n be even with n > ng(k). Then

m(n, &) < (2 {\/k/iz—‘ + 1/2) n.
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