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1. Introduction

Let A be a finite alphabet and .A* be the set of all finite words over .A. In this paper we consider infinite words that arise as
fixed points of primitive substitutions on .4 and finite colorings of .A*. Any such infinite word exhibits a “hierarchal structure”,
induced by the underlying substitution, that will allow us to define, under the additional condition of strong recognizability
(in the spirit of the recognizability conditions introduced by B. Host [5] and B. Mossé [9]), certain remarkable finite colorings
of its factors.

For a two letter alphabet {0, 1},]. Justin and G. Pirillo [7] constructed a finite coloring c of {0, 1}* with respect to which the
Thue-Morse word u’ avoids uniform monochromatic 3-powers, that is any word of the form w;w,Ws; occurring in u’, where
the w; are of equal length, satisfies c(w;) # c(wj;) for some i and j. The Thue-Morse word is a fixed point of the substitution ¢r
defined by ¢7(0) = 01 and ¢r(1) = 10. In order to define the coloring c, the authors made implicit use of the recognizability
properties of this substitution. In Section 3 we will give a generalization of their result: for a large class of substitutions of
constant length on a finite alphabet .4, there always exist finite colorings of .A* with respect to which any fixed word avoids
arbitrarily large uniform monochromatic k-powers.

Once this established, it is natural to consider next arbitrarily large monochromatic k-powers wi;ws- . . . w; with uniformly
bounded gaps, that is the lengths of the factors w; are bounded by some p > 0 and p is independent of k. ]. Justin and G. Pirillo
[7] showed that there exists a 3-coloring of {0, 1}* with respect to which the fixed point & of the substitution ¢ defined by
£(0) = 00001 and (1) = 11110 avoids arbitrarily large monochromatic k-powers with uniformly bounded gaps. The main
ingredients in their argument are the following. Firstly, & avoids abelian 5-powers [6], that is, there does not exist any finite
word of the form w = wy ... ws occurring in w where any two of the factors w; are permutations of each other. Secondly,
any very long factor of W contains “about equally many 0’s and 1's”. In Section 4 we will be able to show that, more generally,
if an infinite word u over a finite alphabet satisfies

(1) wavoids arbitrarily large abelian k-powers;
(2) each factor of u occurs in u with a uniform frequency;
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then u avoids arbitrarily large monochromatic k-powers with uniformly bounded gaps. Again, a large class of substitutions
gives rise to infinite words satisfying the above properties. The property of uniform frequencies is closely related to the
property of unique ergodicity of the dynamical system associated to the action of the shift map on w. It is well known that
such dynamical system is uniquely ergodic if u is the fixed word of a primitive substitution [11].

In [3,4] the authors discussed the following question: given an infinite word u over a finite alphabet, does there exist a
finite coloring of its finite factors which avoids monochromatic factorizations of u? They showed that this question, which is
ultimately motivated by a result of Schutzenberger [ 13], has a positive answer for all non-uniformly recurrent words and for
various classes of uniformly recurrent words. V. Salo and I. Térmad [12] showed that any aperiodic linearly recurrent word
u admits a coloring of its factors that avoids monochromatic factorizations of u into factors of increasing lengths. We will
prove, in Section 5, that the question has also a positive answer for a wide class of infinite words arising as fixed points of
primitive substitutions and we shall be able to construct examples that do not fit in those classes of infinite words considered
in [3,4]. Again, the “hierarchal structure” of these words and the strong recognizability condition will play a fundamental
role in the construction of our colorings.

2. Preliminaries
2.1. Monochromatic factorizations

The binary operation obtained by concatenation of two finite words endows .4* with a monoid structure (the identity
is the empty word ¢). For each « € A, the a-length of a finite word w € A*, which we denote by |w/|,, is the number of
occurrences of « in w. The length of w is the sum [w| =} _ , |w/, of all its «-lengths. If a copy of w occurs in a word u, we
say that w is a factor of u.

Given an infinite word u = o @03 ... over A, £(u) stands for the language of u, that is the set of all nonempty finite
factors of u. For each i and j satisfying 1 < i < j, we write

Ujj) = Qilliyq ... Q) € E(ll).
Letc : £(u) — {1, ..., r} be a finite coloring of £(u).
Definition 1 ([7]). A finite word w € £(u) is a monochromatic k-power if there exists a factorization w = wi;w, ... W,

with w; € £(u), such that c(w;) = c(w;), for all i and j. A monochromatic k-power is uniform if |w;| = |w;| for all i and j. A
monochromatic k-power has gaps bounded by p if |w;| < p for all i.

2.2. Substitutive words

Next we recall some fundamental facts concerning substitutive words. For further details we refer the reader to [11]. A
substitution ¢ of A is a map from A to A* which associates the letter « to some word ¢(«) € A*. This induces a morphism of
the monoid .A* by putting ¢{(¥) = ¢ and

Claran .. .ap) = C(ar)s (o). .. & o).
Foreach o € A4, letl, = |¢(«)| so that
Sla) = slans(a). .. sla),.

The substitution has constant length lif | = I, for all @ € A. The substitution ¢ is said to be primitive if there exists n > 0 such
that, for every «, 8 € A, B occurs in ¢"(«) (that is, n can be chosen independent of « and 8). Henceforth we will assume that
a = ¢(a); for some o € A.

Consider the space of ¢ -substitutive infinite words X, = {u € A" : £(u) C L.}, where

L= U {factors of "(«)},
n>0,ac A

and endow AN with the metric d defined by: given u = ajay...and v = BB, ... in AY, d(u,v) = 0ifu = vand
d(u, v) = 1/N if N is the smallest positive integer for which ay # By. Denote by o the shift map in AV,

o(ajonas...) =003 ..,

which preserves X,. The substitution ¢ also inducesamap ¢ : X; — X;.

Proposition 1 ([11]). Suppose that ¢ is a primitive substitution. We have:

(1) ¢ admits a fixed point: {(u) = u, for some u € X,.
(2) The fixed word u is uniformly recurrent, that is, for each factor w of u there exists R > 0 such that in any other factor of u
of length R there is at least one occurrence of w.
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