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1. Introduction

Let G be a finite multiplicative group of order v and let Z[G] denote the corresponding
integral group ring. Any X € Z[G] can be written as X = 3 - ay9 with ag € Z. The
integers a, are the coefficients of X. We write |X| =3 5 a, and XD =S a7t
We identify a subset S of G with the group ring element ges 9- For the identity

E-mail address: bernhard@ntu.edu.sg (B. Schmidt).
L Research is supported by grant R-146-000-158-112, Ministry of Education, Singapore.

http://dx.doi.org/10.1016/j.jcta.2017.08.016
0097-3165/© 2017 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jcta.2017.08.016
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jcta
mailto:bernhard@ntu.edu.sg
http://dx.doi.org/10.1016/j.jcta.2017.08.016
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jcta.2017.08.016&domain=pdf

K.H. Leung, B. Schmidt / Journal of Combinatorial Theory, Series A 154 (2018) 114—128 115

element 15 of G and an integer s, we write s for the group ring element slg. The set
supp(X) = {g € G : a4 # 0} is called the support of X.

A weighing matrix of order v is a v X v matrix M with entries 0,£1 only such that
MMT = nI where n is a positive integer and I is an identity matrix. The integer n is
the weight of the matrix. Let G be a finite group and let H = (hy 4) s gec be a |G| X |G]
matrix, indexed with the elements of G. We say that H is G-invariant if hfp g1 = hy g
for all f, g,k € G. Weighing matrices invariant under cyclic groups are called circulant
weighing matrices.

The existence of group invariant weighing matrices has been studied quite intensively,
see [1-7,9-12,17,18], for instance. Interest in methods for the study of group invariant
weighing matrices also stems from the multiplier conjecture for difference sets: The most
powerful known approach to this conjecture due to McFarland [13] depends on nonex-
istence results for group ring elements which satisfy the same equation X X1 = n as
group invariant weighing matrices. In fact, our results can be used to improve multiplier
theorems.

The following is well known, see [16, Lemma 1.3.9].

Lemma 1. Let G be a finite group of order v. The existence of G-invariant weighing
matriz of weight n is equivalent to the existence of X € Z|G| with coefficients 0, £1 only
such that X X1 = n,

In view of Lemma 1, we will always view G-invariant weighing matrices as elements
of Z[G]. The key to our results is the investigation of the support of group invariant
weighing matrices in Section 3. As the support of such matrices does not contain a
unique difference, we can use the Smith Normal Form of the matrix of the corresponding
linear system to gain insights into the structure of the support.

Many group invariant weighing matrices can be constructed as follows. Let H be
a subgroup of a finite abelian group G and let g1,...,9x € G be representatives of
distinct cosets of H in G. Suppose that X1, ..., X € Z[H] have coefficients 0, £1 only
and that Zfil X X i(_l) =n and X;X; = 0 whenever i # j. It follows by straightforward
computation ([2, Theorem 2.4]) that

K
X =) Xy (1)
i=1

is a G-invariant weighing matrix of weight n. If (1) holds, we say that X is generated
from H.

Note that, indeed, the main conditions that make (1) a weighing matrix only involve
equations over the group ring of H. These conditions are Zfil XiXi(_l) =nand X;X; =
0 for i # j. The choice of the g;’s only makes sure that the coefficients of X are 0, +1.
In fact, such g;’s exist in any abelian group which contains H as a subgroup of index at
least K.
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