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We show that an embedding X1 × . . . × Xn → Y1 × . . . × Yn of products 
k-dimensional continua is factorwise rigid provided each Xi contains a dense family 
of “cohomological holes” and each Yj is cohomologically (k − 1)-connected. As a 
corollary we obtain that any embedding of Mm

k × . . .×Mm
k into itself, where Mm

k

are the Menger spaces with 1 ≤ k < m, is factorwise rigid.
© 2017 Elsevier B.V. All rights reserved.

1. Introduction

We say that a function f :
∏

a∈A Xa →
∏

b∈B Yb is factorwise rigid (cf., [2] and [6]) if there is a bijection 
ε : A → B and functions fa : Xa → Yε(a) such that (f(x))ε(a) = fa(xa) for each x = (xa)a∈A and each 
a ∈ A.

By a continuum we mean a connected compact metric space, and by a curve a 1-dimensional continuum.
We say that a curve X contains a dense family of circles if each open subset of X contains a simple 

closed curve. The following result was proved by R. Cauty [1] (see also [8]).

Theorem 1.1. Let X1, . . . , Xn and Y1, . . . , Yn be locally connected curves with dense families of circles. Then 
every homeomorphism X1 × . . .×Xn → Y1 × . . .× Yn is factorwise rigid.

For embeddings, a result of this type was proved in [2] (Theorem 2.3).

Theorem 1.2. Every embedding of the product of two pseudo-arcs is factorwise rigid.
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In this note we extend the Cauty’s theorem for embeddings between products of certain higher dimen-
sional continua which are not necessarily locally connected, or even arcwise connected.

Below, H denotes the Čech cohomology functor with the integer coefficients.
A continuum X is cohomologically k-connected if Hi(X) = 0 for all i ∈ {1, . . . , k}. We say that a 

k-dimensional continuum X contains a dense family of cohomological holes if each open subset of X contains 
a cohomologically (k− 1)-connected continuum C with Hk(C) ∈ G, where G denotes the class of all abelian 
groups G such that G ⊗ H �= 0 for each non-trivial abelian group H. (The class G contains all finitely 
generated abelian groups which contain non-torsion elements.)

The main result of this note is the following theorem.

Theorem 1.3. Let X1, . . . , Xn be k-dimensional continua with dense families of cohomological holes and 
let Y1, . . . , Yn be cohomologically (k − 1)-connected k-dimensional continua, k ≥ 1. Then any embedding 
X1 × . . .×Xn → Y1 × . . .× Yn is factorwise rigid.

The proof of this theorem, in Section 2, follows some general ideas of the proof in [1] (also cf., [8]). It 
involves the cohomology ring of spaces.

In the case of curves we obtain the following corollary which generalizes Theorem 1.1.

Corollary 1.4. Let X1, . . . , Xn be curves with dense families of cohomological holes (e.g., with dense families 
of circles) and Y1, . . . , Yn arbitrary curves. Then any embedding X1× . . .×Xn → Y1 × . . .×Yn is factorwise 
rigid.

It is known that any Menger space Mm
k (for the notation see [4]), with 1 ≤ k ≤ m, is a cohomologically 

(k − 1)-connected1 k-dimensional continuum and if it is not a k-cube (i.e., if k < m) then any open subset 
of Mm

k contains a continuum homeomorphic to the sphere Sk. Thus we obtain the following corollary.

Corollary 1.5. Let X1, . . . , Xn and Y1, . . . , Yn be k-dimensional Menger spaces, where each Xi is not a k-cube. 
Then any embedding X1 × . . .×Xn → Y1 × . . .× Yn is factorwise rigid.

2. Proof of the main result – Theorem 1.3

Lemma 2.1. Let C1 and C2 be continua, where C1 is cohomologically (k − 1)-connected, and let ι1 : C1 ×
{c2} → C1 × C2 and ι2 : {c1} × C2 → C1 × C2 denote the inclusions, where c1 ∈ C1 and c2 ∈ C2, and 
p2 : C1 × C2 → {c1} × C2 the projection. Then Hk(ι2 ◦ p2)(g) = g for all g ∈ KerHk(ι1).

Proof. By the Künneth formula, [11], p. 249, we have the following commutative diagram

[H∗(C1) ⊗H∗(C2)]k −−−−→ Hk(C1) ⊗H0({c2})
⏐⏐�μ

⏐⏐�μ′

Hk(C1 × C2) −−−−−→
Hk(ι1)

Hk(C1 × {c2}).

Since C1 is cohomologically (k − 1)-connected, and since H0(C) and H1(C) are torsion free for any 
continuum C, it follows that [H∗(C1) ∗H∗(C2)]k+1 = 0, so by the Künneth formula μ is an isomorphism. 
Note that also μ′ is an isomorphism.

1 Since it is homotopically (k − 1)-connected.
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