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1. Introduction

The Stanley—Reisner ring (or face ring) of a simplicial complex K over an index set [m] = {1,--- ,m} is
defined as the quotient graded algebra k[K| = k[v1, -+ ,vm]/Zk, where k is a commutative ring with unit
and T = (v <-4y, | {i1,- - ,ix} € K) is the Stanley—Reisner ideal of K. K is called Golod over a field k
if its Stanley—Reisner ring k[K] is Golod over k. That is, the multiplication and all higher Massey products
in

Tor*l"oml(k[K], k) = H(Alug, -+, um] @ K[K], d)

are trivial, where the Koszul differential algebra (Afuy, - -« , un,] @K[K], d) is the bigraded differential algebra
with degu; = (1,2), degv; = (0,2), and du; = v; for i = 1,--- ,m. Originally, the algebra k[K] or the ideal
T was defined to be Golod if the following equation holds:

* Corresponding author.
E-mail addresses: kiriye@mi.s.osakafu-u.ac.jp (K. Iriye), su301034@osakafu-u.net (T. Yano).

http://dx.doi.org/10.1016/j.topol.2017.04.027
0166-8641/© 2017 Elsevier B.V. All rights reserved.


http://dx.doi.org/10.1016/j.topol.2017.04.027
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/topol
mailto:kiriye@mi.s.osakafu-u.ac.jp
mailto:su301034@osakafu-u.net
http://dx.doi.org/10.1016/j.topol.2017.04.027
http://crossmark.crossref.org/dialog/?doi=10.1016/j.topol.2017.04.027&domain=pdf

146 K. Iriye, T. Yano / Topology and its Applications 225 (2017) 145-163

S iy Tor) e, k)2 = U —
i>0; j>0 1 =13 50, j»1 dimy Tor o 7 (KK, k)t 2

where Tor;[;f] (k, k) and Tor;[;;"" o] (k[K], k) denote the homogeneous components of degree 2i. Golod (8]
proved the equivalence of the two conditions, and thereafter his name has been used to refer a ring that
satisfies the condition. The reader may also refer to Gulliksen and Levin [11] or Avramov [1].

Baskakov, Buchstaber, and Panov [3] and Franz [7] independently demonstrated that the torsion algebra
Torklvt: ’”’"](k[K ],k) is isomorphic to the cohomology ring of the moment-angle complex Zx associated

with K.
Theorem 1.1 (/3,7]). For a commutative ring k with unit, the following isomorphisms of algebras hold:

H*(Zi; k) = Torsoml(k[K) k) = €D H*(Kp; k),
1C[m]

where H*(K1;k) denotes the reduced cohomology of the full subcomplex K; of K on I, and H*(Ky; k) =0
for x £ —1 and = k for x = —1. The last isomorphism is the sum of isomorphisms given by

H(Zk:k) = @ H 77N (K k),
IC[m]

and the ring structure is given by the maps
E[P*IIIfl(KI;k) ® ﬁ'q7|J|*1(KJ;k) — ﬁp+q7‘1‘7‘J‘71(K1UJ;k)

that are induced by the canonical inclusion maps tr.y : Kiug — Kr+ Ky for INJ =0 and zero otherwise,
where Kj x Kj denotes the join of two simplicial complexes K; and K.

Here, we recall that if the moment-angle complex Zg is homotopy equivalent to a suspension, then the
multiplication and all higher Massey products in H*(Zx; k) are trivial. For example, see Corollary 3.11 of
[22]. That is, the following implication holds:

Zx is homotopy equivalent to a suspension = K is Golod, (1.1)

where K is Golod if K is Golod over any field k. This observation enables us to investigate the Golod
property through the study of moment-angle complexes. One of the first studies in this direction was
introduced by Grbi¢ and Theriault [10]. They demonstrated that the moment-angle complex associated
with a shifted simplicial complex is homotopy equivalent to a wedge of spheres. In [14], Kishimoto and
the first author extended this result to dual sequentially Cohen—-Macaulay complexes, and provided some
new Golod complexes. In these studies, the following theorem concerning the decomposition of polyhedral
products (see Definition 2.1), as introduced by Bahri, Bendersky, Cohen, and Gitler [2], plays an essential
role.

Theorem 1.2 (/2]). Let K be a simplicial complex on [m] and let (CX, X) = {(CX;, X;) }iem], where each
X, is a based space and C' X is the reduced cone of a based space X . Then, the following homotopy equivalence
holds:

SZk(CX. X)~% \/ SK/|AX,
IC[m]

where X1 = Nie1 X; and X0 — &
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