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a b s t r a c t

The boundary value problem of deflections of vertical with ellipsoid boundary is studied in the paper.
Based on spherical harmonic series, the ellipsoidal corrections for the boundary value problem are
derived so that it can be well solved. In addition, an imitation arithmetic is given for examining the
accuracies of solutions for the boundary value problem as well as its spherical approximation problem,
and the computational results illustrate that the boundary value problem has higher accuracy than its
spherical approximation problem if deflection of the vertical are measured on geoid.
© 2017 Institute of Seismology, China Earthquake Administration, etc. Production and hosting by Elsevier
B.V. on behalf of KeAi Communications Co., Ltd. This is an open access article under the CC BY-NC-ND

license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Although deflections of the vertical are importantmagnitudes in
geodesy, their application values were not exploited enough in the
past because of cost and time consuming in astro-geodetic tech-
niques. Since deflections of the vertical are mainly computed from
the gravity anomaly by Vening-Meinesz formula [1], they are
usually considered as the derived magnitudes in geodesy. However,
with the development of transportable photographic zenith cam-
eras, astro-geodetic observation techniques are improved largely
[2e6] so that deflections of the vertical can be rapidly measured,
and the measurement accuracy can reach to 0:0700. Accompanied
with applications of astro-geodetic observation techniques, some

researches about applications of deflections of the verticals are
proposed, e.g., Hirt et al. [7].

Since the disturbing potential can be expressed from deflections
of the vertical by inverse Vening-Meinesz formula, rapid astro-
geodetic measurement techniques will have potential applicable
values in determining the gravity field. Interestingly, although it is
cost and time consuming to establish a dense measurement net of
deflections of the vertical, deflections of the vertical can be
computed from satellite altimetry data at the cross-over points of
the orbits. In fact, data of deflections of the vertical from altimetry
have been used to solve the parameters of the gravity field of the
earth [8,9].

On the other hand, for geodetic boundary value problems (BVPs)
such as Dirichlet, Neumann and Stokes' ones, there have been a lot
of studies and discussions about solving methods in the case of
ellipsoid boundary [1,10e18]. Hence, it is helpful for consummating
geodetic BVP theories to introduce and derive the ellipsoidal cor-
rections of BVP of deflection of the vertical with ellipsoid boundary.

Introducing the disturbing potential T, we have x ¼ 1
Rg

vT
vq

and
h ¼ � 1

Rg sin q
vT
vl
, where R is the average radius of the earth, g the

normal gravity, ðr; q; lÞ the spherical coordinates, q co-latitude, l
longitude, and x , h deflections of the vertical. If x, h can be
measured on ocean surface or geoid, i.e., vT

vq
and � 1

sin q
vT
vl

can be
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given in advance, the following boundary value problem can be
constituted

8>>>>>>>><
>>>>>>>>:

DT ¼ 0; outside S

vT
vq

����
S

¼ a

1
sin q

vT
vl

����
S

¼ �b

T ¼ O
�
r�1�; at infinity

(1)

where a ¼ Rgx and b ¼ Rgh are all known on S, and S is geoid.
Since geoid is very close to the reference ellipsoid, S can be chosen
as the reference ellipsoid under the accuracy of OðT2Þ. Later on, S is

always chosen as the reference ellipsoid, i.e., S : x
2þy2

a2 þ z2
b2 ¼ 1,

where a and b are semi-axes of the reference ellipsoid, and Eq. (1) is
called DV-BVP (DV: deflection of the vertical) with the ellipsoid
boundary.

In order to make Eq. (1) solvable, the corresponding spherical
approximation is introduced, i.e., after S in Eq. (1) is approximately
chosen as the average sphere of the earth, we have

8>>>>>>>><
>>>>>>>>:

DT ¼ 0; outside fr ¼ Rg
vT
vq

����
r¼R

¼ a

1
sin q

vT
vl

����
r¼R

¼ �b

T ¼ O
�
r�1�; at infinity

(2)

The integral solution of Eq. (2) can be given by inverse Vening-
Meinesz formula [8,9]. Furthermore, the spherical harmonic co-
efficients of the disturbing potential T can be also obtained from Eq.
(2). Hence, Eq. (2) is a complete solvable from mathematical point
of view. Later on, Eq. (2) is called DV-BVP under the spherical
approximation.

Although Eq. (2) is solvable, it still is a simplified form of Eq. (1).
In order to raise the accuracy of solving the disturbing potential, it is
necessary to solve Eq. (1) directly. In fact, our aim is to solve DV-BVP
with the ellipsoid boundary, i.e., to find an arithmetic method for
the spherical harmonic coefficients of T from Eq. (1). Since the
boundary S in Eq. (1) is the reference ellipsoid, it is more difficult to
solve Eq. (1) compared with Eq. (2).

For BVP with the ellipsoid boundary, the general solving
approach is to find the solution with accuracy of Oðε4$TÞ after

introducing the ellipsoidal corrections, where ε
2 ¼ a2�b2

b2 . As for
derivation of the ellipsoidal corrections, there are two main ap-
proaches. The first is: to introduce the ellipsoidal harmonic series
of the disturbing potential T to solve BVP with the ellipsoid
boundary and then to compute the spherical harmonic co-
efficients of T by transformation formula between the spherical
harmonic series and ellipsoidal ones [11,12,19,20]; and the second
is: to reduce the ellipsoid S into the average sphere fr ¼ Rg of the
earth by making use of Taylor's expansion for T. Since a lot of
computations about the ellipsoidal harmonic series are included
in the first approach, which can make the derivation complicated,
the second approach for deriving the ellipsoidal corrections is
adopted in the paper, i.e., our aim is to obtain the solution of Eq.
(2) under the condition that Eq. (1) has been solved.

2. Preliminaries

At first, the spherical harmonic expansion of T can be written as

T ¼
X∞
n¼1

Xn
m¼0

Rn

rnþ1Pnmðcos qÞðanm cosmlþ bnm sinmlÞ (3)

where R ¼
ffiffiffiffiffiffiffiffi
a2b3

p
is the average radius of the earth, and

Pn;mðxÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2nþ 1
2
�
1þ dm;0

�
s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðn�mÞ!
ðnþmÞ!

s
Pn;mðxÞ (4)

where Pn;mðxÞ ¼ ð1� x2Þm2PðmÞ
n ðxÞ, PnðxÞ ¼ ð�1Þn

2nn!
dn ½ð1�x2Þn �

dxn and

dmk ¼
�
0; msk
1; m ¼ k

. In order to make the following derivation

simple, the notation that PnmðxÞ ¼ 0 is always used when n<m.

Introducing cnm ¼
�
anm; m � 0
bnm; m<0 and

Wnmðq; lÞ ¼
�
Pnmðcos qÞcosml; m � 0
Pnmðcos qÞsinml; m<0

(5)

the spherical harmonic expansion of T can be rewritten as

T ¼
X∞
n¼1

Xn
m¼�n

Rn

rnþ1cnmWnmðq; lÞ (6)

Again introducing the vector-value functions

vnmðq; lÞ ¼
�
� vWnmðq; lÞ

vq
;

1
sin q

vWnmðq; lÞ
vl

�
(7)

it can be easily proved that

∬ svnmðq; lÞ$vTn0m0ðq; lÞds ¼ nðnþ 1Þpdnn0dmm0 (8)

where s is the unit sphere.
After introducing the above notations, it can be concluded from

Eq. (2)

ða; bÞ ¼ �
X∞
n¼1

Xn
m¼�n

cnm
R

vnmðq; lÞ (9)

Letting

Cnm ¼ � R
pnðnþ 1Þ∬ sða; bÞ$vTnmðq; lÞds (10)

it can be seen that Cnm are the spherical harmonic coefficients of T
in Eq. (2). This means that if a and b are known on the sphere fr ¼
Rg in Eq. (2), the spherical harmonic coefficients of T can be easily
computed from Eq. (10).

3. The solution of DV-BVP with the ellipsoid boundary

In the following derivations, only the terms equivalent to Oðε2Þ
are retained since the magnitudes above OðT$ε4Þ are always
neglected in solving Eq. (1). Letting Q be a point on S and using Q1
to denote the corresponding point of Q on fr ¼ Rg along the radial
direction, we have
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