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a b s t r a c t

We characterize the flow of a viscous suspension in an inclined channel where the flow is maintained in
a steady state under the competing influences of gravity and an applied pressure drop. The basic model
relies on a diffusive-flux formalism. Such models are common in the literature, yet many of them possess
an unphysical singularity at the channel centreline where the shear rate vanishes. We therefore present a
regularization of the basic diffusive-flux model that removes this singularity. This introduces an explicit
(physical) dependence on the particle size into themodel equations. This approach enables us to carry out
a detailed parameter study showing in particular the opposing effects of the pressure drop and gravity.
Conditions for counter-current flow and complete flow reversal are obtained from numerical solutions of
themodel equations. These are supplemented by an analytic lower bound on the ratio of the gravitational
force to the applied pressure drop necessary to bring about complete flow reversal.

© 2016 Elsevier Masson SAS. All rights reserved.

1. Introduction

Particles suspended in viscous flow occur in a wide variety of
applications. In certain technical operations (for example drilling
oil wells), it is important to be able to predict the properties of
the suspension as a function of flow rate, particle size, etc., with a
view to controlling the operation in real time [1]. There is therefore
a strong motivation to develop accurate models to characterize
the hydrodynamics of the suspension. In this work we introduce a
simple model to characterize the flow of suspension in an inclined
channel under equilibrium conditions. The modelling framework
is the diffusive-flux model. Such models certainly abound in the
literature—and many of them exhibit an unphysical singularity
in the shear rate at the channel centreline. The main goal of
this work therefore is to introduce a self-consistent regularization
that removes this singularity. A second goal is to carry out a
detailed parameter study based on the regularized model to fully
characterize the hydrodynamics as a function of the dimensionless
parameters in the problem—both in the horizontal and inclined
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cases. Before doing this, we place our work in the context of the
existing literature on the subject.

There are at least two distinct approaches to modelling a
suspension of dense particles in a (Newtonian) liquid. In the
first approach, called the suspension balance model, the averaged
dynamics of the suspended particles are described in a statistical-
mechanics formalism; this description is then coupled to the
fluid mechanics of the problem. This model was first proposed in
Ref. [2]. A review of the model (along with various refinements
thereto) can be found in Refs. [3,4]. The model involves mass and
momentum equations for the particle phase (averaged over a test
volume) and the mixture (again averaged over a test volume),
leading to four evolutionary equations in the first instance.
Both momentum equations involve particle-phase and mixture
stress tensors respectively, and the particle momentum equation
further involves a hydrodynamic drag force, meaning that three
constitutive relations are required for closure. The closure is
achieved by modelling the hydrodynamic drag force and various
viscous terms. The particle-phase shear stress term is modelled
by the introduction of an auxiliary variable (the particle-phase
‘temperature’), leading to a set of five coupled evolution equations.
A simpler approach thatmakes predictions of comparable accuracy
to the suspension-balance model is the diffusive-flux model, first
introduced in Ref. [5] but based partly on earlier work [6] (see
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also Ref. [7]). The idea here is to focus entirely on the mixture
for the hydrodynamicmodel, togetherwith an advection–diffusion
equation for the volume fraction φ of the particles. The particle
flux in this equation is then modelled according to the collision
dynamics of the particles, to include shear-induced migration,
viscous migration, and gravitational settling.

In the present work, the diffusive-flux model is adopted. The
reasons for this choice are manifold: the diffusive flux framework
is both conceptually and analytically straightforward, and involves
only a handful of parameters, all of which can be estimated from
benchmark cases. Although it has shortcomings (e.g. a lack of a
complete description of the anisotropy of particle interactions,
leading to incorrect predictions in complex geometries [4]), it
produces good agreement between theory and experiments for
flow profiles and volume profiles in relatively simple geometries,
e.g. horizontal pressure-driven pipe/channel flows, as well as in
rotating shear flow [5]. The present work is focused on one such
simple geometry, namely channel flow. Finally, it has been shown
that the suspension balance and diffusive-flux models share the
same basic framework, the main difference being the choice of
closure relations for the different parameters [8].

In spite of the tractability of the diffusive-flux model, in its
basic form it cannot be applied to fully-developed flow in an
inclined channel. This is because the model develops a singularity
wherever the shear rate vanishes. A review of the literature
shows that this problem is overcome in certain highly specific
contexts—e.g. resorting to a symmetry and placing the singularity
at the centreline of a horizontal pipe/channel [5], or exploiting the
specific properties of interfacial flows and placing the singularity
at a free surface [9]. Yet the geometry of an inclined channel
prevents these solutions from being applied in the present
context. Furthermore, existing efforts to overcome these issues are
incomplete. Ref. [7] looks at inclined flows, but only in the context
of Brownian particle diffusion, which is not relevant at the high
Péclet numbers with which this work is concerned and in any case
is not a diffusive-fluxmodel. Ref. [10] introduces a regularization of
the full diffusive-flux model that removes the singularity through
the introduction of a collision rate proportional to a shear rate
that is averaged over a particle radius. However, the averaging is
accomplished using effectively an L1 norm,which onmathematical
grounds is not optimal, as such an approach does not completely
regularize the model. (In detail, the shear stress is regularized by
an averaging technique involving an L1 norm, yet the L1 norm
is not differentiable, hence the lack of a complete removal of
the singularity by this means.) More importantly, the regularized
model is not applied to inclined flows. Therefore, a main aim of the
presentwork is to derive a regularization procedure that fully heals
the singularity inherent in diffusive-fluxmodels. This then enables
a full parameter study for inclined flows that takes account of the
different flow regimes that arise as a result of the competing effects
of the pressure drop and gravity, aswell as the bulk volume fraction
and the channel inclination.

This work is organized as follows. In Section 2 the standard
diffusive-fluxmodel from the literature is summarized. A diffusive-
flux model specific to steady-state operations in inclined channel
flow is presented in Section 3, along with a regularization to heal
the singularity that would otherwise occur where the shear-rate
vanishes. Results based on this approach are presented in Section 4,
including a detailed parameter study outlining the conditions un-
der which different flow regimes are observed. The observed flow
regimes comprise regular flow (both fluid and particles flowing
upwards), countercurrent flow, and complete flow reversal. We
discuss the application of ourmodel to suspending fluidswith non-
Newtonian rheology in Section 5, wherein concluding remarks are
also given.

2. General theoretical framework

In this section we summarize the full diffusive-flux theoretical
framework existent in the literature, with a view later on to subject
this model to a regularization technique to enable a full parameter
study of the steady-state flow in an inclined channel. The starting
point is a momentum equation for the velocity u(x, t) of a parcel
comprising a mixture of particles and suspending fluid:

ρ(φ)


∂u
∂t

+ u · ∇u


= ∇ · T + ρ(φ)g (1)

where φ is the particle-phase volume fraction, g is the acceleration
due to gravity and T is the mixture stress tensor. We start by
assuming that the total mixture stress tensor is given by T = −pI
+ σ, in which p is the pressure, and σ = µ(φ)γ̇ . Here γ̇ is the
rate-of-strain tensor with components γ̇ij, where

γ̇ij =
∂ui

∂xj
+

∂uj

∂xi
. (2)

The corresponding unsigned local rate of strain is given by

γ̇ =


γ̇ijγ̇ij, (3)

where we sum over repeated indices. Furthermore, the density is
given by

ρ(φ) = ρpφ + ρf(1 − φ), (4)

where ρf is the constant fluid density and ρp is the particle density,
also constant. This is supplemented by the incompressibility
condition ∇ · u = 0.

The evolution of the volume fraction φ is given by a flux-
conservative equation,

∂φ

∂t
+ u · ∇φ = −∇ · Jφ, (5)

where the particle flux Jφ is modelled according to the collision dy-
namics of the particles, to include shear-induced migration, vis-
cous migration, and gravitational settling. A classification of the
collective particle dynamics provide a means of constituting the
flux Jφ . The main effect to consider is shear-induced migration,
which is based on the observation that in a dense suspension, par-
ticles that are transported by a shear flowwill collide. The collision
rate is proportional to φγ̇ , where γ̇ is the (unsigned) local shear
rate. Particles will move from regions where the collision rate is
high to a nearby region where the collision rate is lower, meaning
that there is a shear-induced contribution Jc to the total flux, with
Jc ∝ −∇(φγ̇ ). Ref. [5] gives the shear-induced flux as

Jc = −Dcφa2∇ (φγ̇ ) , (6)

where Dc is a dimensionless constant and a is the particle radius
(a monodisperse suspension of identical spherical particles is as-
sumed). A second effect is present in viscous flows, whereby par-
ticles will move into regions of lower viscosity, from regions of
higher viscosity. In Ref. [5] this is modelled in such a way that the
viscous contribution to the total flux is proportional to the ratio
between the viscosity gradient (giving the direction of migration)
and the local viscosity, giving a total contribution

Jv = −Dva2φ2γ̇


∇µ

µ


, (7)

whereDv is another dimensionless constant (bothDc andDv can be
thought of asO(1) rate constants related to the collision frequency,
and can be determined from experimental data, as in Ref. [5]).
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