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a b s t r a c t

This paper focuses on the behaviour of a liquid droplet on the surface of a treated solid substrate. We deal
with the use of surface tension forces induced by heterogeneous wettability to allow the removal of the
droplet. Our main aim is to present a new model able to predict the motion of a droplet of known volume
along a wettability gradient taking into account the contact angle hysteresis: a key parameter in the
dynamics of the droplet.

� 2014 Elsevier Inc. All rights reserved.

1. Introduction

Two-phase systems are among the most efficient for the trans-
fer large heat fluxes. They are based on the latent heat associated to
a change of state of matter, i.e. latent heat transition such as
vapour condensation [10,7]. Even though two-phase systems are
known to be effective, their control under microgravity conditions
is not yet fully completed, the removal of the dispersed phase
remaining hard to control. On ground environment, similar diffi-
culties can be encountered in miniaturized devices if gravitational
forces become negligible compared to surface tension forces. To
avoid this phenomenon many studies have been developed on
superhydrophobic surfaces where the surface energy released
upon drop coalescence leads to a out-of-plane jumping motion
(see for instance [1,8]. A surface tension force induced by heteroge-
neous wettability appears also as an interesting technique to drive
the dispersed phase. In this regard it is considered that heteroge-
neous wettability of a solid surface enables the mechanical non-
equilibrium of the drop embryos forming at the wall. This paper
focuses on the modelling of the behaviour of a liquid droplet over
a solid substrate. Pinning the contact line, i.e. contact angle hyster-
esis, hereafter called CAH, has proved to be a major experimental

and theoretical problem. Experimentally, CAH tends to restrain
the contact line and hence the motion of the droplet, either on
an inclined plate or on one with a wettability gradient. Theoreti-
cally, CAH has been neglected in studies about wettability gradi-
ents but recently found to be a major phenomenon deserving
attention. Therefore, we developed a dynamic model that actually
takes into account the CAH. Firstly, the dynamic model with CAH is
presented comparing the results with experimental data found in
the literature. Secondly, the different treatments allowing such
behaviour of the droplet and the first performance of such gradient
on a condensation test chamber are presented.

2. Dynamic model with contact angle hysteresis

The contact angle of a droplet on a wettability gradient surface,
with or without tilted plate surface (with an angle of a compared
to the horizontal) has been widely studied in the literature both
experimentally and theoretically [3,2,11,9]. The most common
approach is based on hydrodynamic theory consisting in the bal-
ance of the driving force, related to both wettability gradient and
gravity in the case of a < 0, with the viscous force near the contact
line, related to the velocity of the droplet. The dynamic model pre-
sented below is based on four main hypotheses:

� the droplet maintains its spherical cap shape during the move-
ment, the dynamic contact angle is then the same at all points
on the triple line for a given position on the substrate. This
hypothesis has been verified experimentally by several authors
[9],
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� the volume of the droplet remains constant,
� the inertia term is ignored.

Finally, the momentum balance projected on the x-axis, tangent
to the solid wall is:

FhðxG; tÞ þ FlðxG; tÞ �mg sin a ¼ 0 ð1Þ

where Fh is the driving force and Fl is the viscous force.

2.1. Driving and viscous forces

The driving force due to the gradient of the static contact angle
without taking into account the CAH, is well described in the liter-
ature [5,2,9]:

FhðxG; tÞ ¼ clvRðxG; tÞ
Z 2p

0
cos hsðxÞ � cos hðxG; tÞð Þ cos / d/ ð2Þ

with x ¼ xG þ RðxG; tÞ cos /; xG corresponds to the abscissa of the
centre of mass of the droplet, clv is the vapour–liquid surface ten-
sion, hs is the static contact angle defined by the wettability of the
substrate, h is the dynamic contact angle, / is the azimuth, and
RðxG; tÞ is the footprint radius of the drop at the position of the cen-
tre of mass xG:

RðxG; tÞ ¼ sin hðxG; tÞ
3V
p

� �
2� 3 cos hðxG; tÞð

þ cos3 hðxG; tÞ
��1=3 ð3Þ

The hypothesis of a spherical cap shape implies that the cohesion
force of the liquid–vapour interface is much higher than the driving
force related to the wettability gradient. So, the model is valid if the
volume of the droplet satisfies the following condition,

FhðxG; tÞ � 4pclvRðx; tÞ1� cos hðx; tÞ
sin hðx; tÞ ð4Þ

which has been verified for the conditions presented in this paper.
As presented above the main point of this section is to present a
dynamic model describing the motion of a liquid droplet on a wet-
tability gradient which takes into account the CAH. First, let us con-
sider a drop placed on an inclined plate. Because of CAH, it starts
sliding when the contact angle at the front reaches the advancing
contact angle and the contact angle at the rear decreases to the
receding contact angle:

hrA > hrear

hfront > haB

�
ð5Þ

In-between the front and the rear of the droplet, the contact
angle is within the contact angle hysteresis. Thus, locally, the con-
tact angle is not the static contact angle (referring to the angle that
a static interface would have at a given location on a horizontal
substrate). In the following, this contact angle will be called
‘‘equilibrium contact angle’’.

Nevertheless, with small droplets (less than 1 lL) the gravita-
tional force is less than the capillary forces and the droplet remains
with its spherical cap shape (hrear ¼ hfront ¼ h), which implies that
small droplets do not slide on inclined plates due to CAH. Likewise,
a droplet on a surface energy gradient is subjected to the same con-
straints regarding the hysteresis effect. The wettability gradient
allows to satisfy relation (5) while simultaneously keeping the
same contact angle along the periphery of the droplet, and so:

hrA P h P haB ð6Þ

Therefore, we integrated the local expression of the driving force
(Eq. (2)) assuming a continuity of the equilibrium contact angle
(i.e. the local contact angle that should have a droplet when at
the limit of moving on an inclined substrate) between the front

and the rear of the droplet. Because the drop is small, a linear cosine
from the advancing contact angle at the front to the receding con-
tact angle at the rear of the droplet has been defined as shown in
Fig. 1. A small droplet subjected to a surface tension gradient can
move regardless of the CAH, and the driving force is, as predicted,
attenuated by the hysteresis effect assuming a linear cosine of the
static contact angle, Eq. (2) becomes:

FhðxG; tÞ ¼ clvRðxG; tÞ
Z 2p

0
aðxG; tÞxþ bðxG; tÞð Þ cos / d/ ð7Þ

Because the dynamic contact angle remains the same around the
periphery of the droplet, which is approximated to the equilibrium
contact angle at the centre of mass of the droplet [2,9], the integra-
tion of the second term is zero. The parameter aðxG; tÞ represents the
variation of the cosine of the contact angle along the droplet:

FhðxG; tÞ ¼
clvRðxG; tÞp

2
½cos haðxG þ RðxG; tÞÞ

� cos hrðxG � RðxG; tÞÞ� ð8Þ

Ultimately, Eq. (8) shows the link between the driving force and
CAH assuming that (see Fig. 1 for notations):

ha ¼ hs þ CAH
2

hr ¼ hs � CAH
2

8><
>: ð9Þ

The drop in motion is subjected to wall shear stress that gener-
ates a viscous force directly related to the droplet velocity. Bro-
chard [2] and then Subramanian et al. [11] developed two
viscous force models. They both considered the lubrication theory
and a Poiseuille type velocity profile in the droplet. The difference
between the two viscous force models remains in the geometrical
configuration chosen. Unlike Brochard [2], Subramanian et al. [11]
took into account the curvature of the drop by relating the foot-
print radius, the contact angle and the height of the drop. In the
present paper, the Subramanian viscous force was chosen:

FlðxG; tÞ ¼ �6plUðxG; tÞRðxG; tÞ f ðh;1� �Þ � f ðh;0Þ½ � ð10Þ

with

f ðh; nÞ ¼ �½cot hðxG; tÞ lnð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
csc2hðxG; tÞ � n2

q
� cot hðxG; tÞÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
csc2hðx; tÞ � n2

q
� cot hðxG; tÞ� ð11Þ

The slip length Ls, which represents the length at which the physical
phenomena of macroscale are no longer valid, is directly related to
parameter � by the relation Ls ¼ � RðxG; tÞ. The value of Ls has been

Fig. 1. Consideration of a linear cosine between the advancing and receding contact
angles.
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