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a b s t r a c t

A new, alternative approach is proposed for natural convection simulation by means of stimulated
thermocapillary currents created by virtual walls. In contrast to the well-known effective thermal con-
ductivity model, in the proposed approach it is the mass motion due to the convective currents which is
intended to be simulated and the heat flux is a consequence of such flows. As a result, no a priori
knowledge of the Nusselt number is needed and thus the approach is more suitable for complex ge-
ometries. Utilizing a simplified physical model and the definition of hydraulic diameter, a generalized
expression for enclosed geometries is derived which offers thermal engineers a powerful analysis tool
that can use virtual walls with an associated fictitious Marangoni stress for pre-screening and estimation
of Nusselt numbers.

© 2015 Elsevier Masson SAS. All rights reserved.

1. Introduction

Physical enclosures are frequently encountered in practice, and
heat transfer through them is of practical interest [1e6]. However,
heat transfer in enclosed spaces is complicated by the fact that the
fluid in the enclosure, in general, does not remain stationary. For
example, in a vertical enclosure, the fluid adjacent to the hotter
surface rises and that adjacent to the cooler one falls, establishing
rotatory motion (natural convection) within the enclosure that
enhances heat transfer. Over the years, several methods have been
proposed for the simulation of natural convection, and among them
the most popular extension is the use of an effective diffusivity
term (effective thermal conductivity) to convert the effects of
convection into pure conduction [7,8]. However, although such an
approach offers a viable representation of heat transfer by natural
currents, it has an important associated disadvantage. It is therefore
worthwhile to briefly review the traditional effective diffusivity
method to identify this weakness and then propose an alternative
approach which can be used to overcome it.

A. The effective thermal conductivity model

When the Nusselt number Nu is known, the rate of heat transfer
_Q through an enclosure can be determined from Ref. [9]:

_Q ¼ hAsðT1 � T2Þ ¼ kNuAs
T1 � T2

L
(1)

where T1�T2 is the temperature difference over a distance L, As is
the area, and the heat transfer coefficient h is related to the thermal
conductivity k through the definition of the Nusselt number:

Nu ¼ hL
k

(2)

The rate of steady heat conduction _Qcond across a layer of
thickness Lc, area As, and thermal conductivity k is:

_Qcond ¼ kAs
T1 � T2

Lc
(3)

where T1 and T2 are the temperatures on the two sides of the layer.
By comparing Eqs. (1) and (3) it can be seen that the convective

heat transfer in an enclosure is analogous to heat conduction across
the fluid layer in the enclosure, provided that the thermal con-
ductivity k is replaced by kNu [9]. In other words, the effective
thermal conductivity model says: the fluid in an enclosure behaves
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like a fluid the thermal conductivity of which is kNu as a result of
convection currents. That is:
keff ¼ k$Nu (4)

However, as is readily apparent, this effective conductivity
model has a serious weakness which limits its applicability in
certain circumstances, namely: it assumes a priori knowledge of the
Nusselt number.

This weakness is somewhat paradoxical, because, in many in-
stances, it is precisely the value of the Nusselt number that is
sought. So, for example, in attempting to apply the effective ther-
mal conductivity model in an application with complex or unusual
geometry, say, in the field of microelectronics, where it might be
very difficult to find in handbooks or the available literature a
standard Nusselt number correlation for the specific design under
consideration, the thermal engineer will need to exercise their
judgement in deciding on themost appropriate correlation in order
to define the effective thermal conductivity in Eq. (4).

In order to address this problem, in this paper, an alternative
method is proposed that makes use of artificially induced thermo-
capillaryflowassociatedwith virtualwallswhichwill promote amass
flow similar to that produced by gravity. The proposedmethod could
be a powerful pre-screening tool for thermal engineers by which to
obtainpreliminary informationabout theNusseltnumbercorrelation,
and thus to define an effective thermal conductivity. In the next sec-
tion, we discuss briefly the fundamentals of the proposed approach.

B. Thermocapillary convection as a simulated induced flow

Marangoni convection occurs when the surface tension of an
interface depends on the concentration of a species or on the tem-
perature distribution. In the case of temperature dependence, the
Marangoni effect is also called thermocapillary convection. The
Marangoni effect is of primary importance in the fields of welding,
crystal growth and electron beammelting of metals. For this study it
is sufficient to knowthat as a result of this phenomenona shear stress
is developed in the interface which is caused by the variation of
surface tension. The interested reader is referred to reference [10] for
further information about this phenomenon and supporting theory.

Within the framework of this kind of convection, a shear stress
ts, which is applied at the wall, is developed. Its value is given by:

ts ¼ VTs$VsT (5)

where VTs ¼ ds=dT is the surface tension gradient with respect to
temperature, and VsT is the surface temperature gradient.

Two aspects of the relationship in Eq. (5) suggest this as a po-
tential application for one-dimensional/two-dimensional natural
convection modelling: first, this shear stress is a one-dimensional
effect; and second, the effect is driven by a temperature gradient.

2. Model description

Although, in order to simulate a fluid flow (in this case a ther-
mocapillary flow) in full detail, it is necessary to describe the
associated physics in mathematical terms through conservation
principles, with the use of nonlinear partial or ordinary differential
equations to express these principles [11,12], for preliminary
assessment purposes a simple model based on momentum balance
is preferable and may be sufficient.

Let us consider a control volume, as depicted in Fig. 1, in order to
establish a simplified mathematical model that will allow us to find
a suitable expression for the induction of thermocapillary currents
in a manner similar to gravitational currents, at least from the point
of view of mass transport.

A. Derivation

First, to analyse flow through the control volume, we need to
establish the forces acting on the control volume. The pressure
force pushing the liquid through the tube due to the buoyancy
forces is given by the change in pressure multiplied by the area:

Fg ¼ robgðDTÞ$A$L (6)

where ro is the average density of fluid, b is the volumetric coeffi-
cient of thermal expansion, g is the acceleration due to gravity, DT is
the increase in temperature over the length of the control volume, A
is the cross-sectional area, i.e., A ¼ pR2, and L is the length of the
control volume.

We can define a (fictitious) Marangoni stress associatedwith the
walls as:

Fs ¼ ts$Pw$L (7)

where ts is the Marangoni stress defined previously in Eq. (5), Pw is
the wetted perimeter, i.e., Pw ¼ 2pR, and L is again the length of the
control volume.

Thus, if we want our induced artificial thermocapillary flow to
“replace” the buoyancy-induced flow, this can be accomplished by
arranging that:

Fs ¼ Fg (8)

or, taking into account Eqs. (6) and (7):

ts ¼ robgDT
A
Pw

(9)

A hydraulic diameter Dh may be defined as [9]:

Dh ¼ 4A
Pw

(10)

thus enabling Eq. (9) to be rewritten more compactly as:

ts ¼ robgDT
Dh
4

(11)

Eq. (11) thus allows us to calculate the equivalent fictitious
Marangoni stress for any enclosed geometry by means of the
calculation of its hydraulic diameter.

Fig. 1. Control volume used for calculations.
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