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a b s t r a c t

This paper presents a new probabilistic site characterization approach for both soil classification and
property estimation using sounding data from multiple cone penetration tests (CPTs) at a project site.
A hidden Markov random field (HMRF) model based Bayesian clustering approach is developed, which
can describe not only the heterogeneity of properties in statistically homogeneous soil layers, but also
the correlation between spatial distributions of different soil layers. The latter has not been well consid-
ered in the existing CPT interpretation methods. A Monte Carlo Markov chain based expectation maxi-
mization (MCMC-EM) algorithm is adopted to calibrate the established HMRF model, so that both the
subsurface soil/rock stratification and the pertinent soil properties can be estimated in a probabilistic
manner. The proposed CPT interpretation approach is validated and demonstrated using a series of
numerical examples, including using real CPT data. It is shown that the proposed method is able to accu-
rately identify soil layers, pinpoint their boundaries, and provide reasonable estimates of the associated
soil properties. In addition, comparative studies show that combining analysis of CPT data from multiple
soundings, rather than interpreting them separately, can significantly enhance the accuracy of interpre-
tation and simplify the subsequent task of interpreting stratigraphic profiles.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Cone penetration test (CPT) is one of the most commonly used
geotechnical site investigation methods for profiling subsurface
stratigraphy (i.e., identify numbers of underground soil layers
and their boundaries) and inferring pertinent soil properties [1].
However, retrieving soil sample for visual inspection is not avail-
able in CPTs and the sounding records (i.e., cone resistance and
sleeve friction) are typically highly variable due to the subsurface
soil heterogeneity; therefore, constructing subsurface stratification
and the interpreting relevant soil properties of CPT data based on
soil behaviors type charts [2,3] may still be challenging [4]. To
address this difficulty, considerable efforts have been conducted
in the past for developing more accurate and effective CPT
interpretation methods [4–12].

Generally speaking, each CPT sounding sample is a direct reflec-
tion/representation of the local physical and mechanical behaviors
of the detected subsurface soil. The cause of the spatial differences
of these local soil properties (manifested as fluctuation in CPT
sounding record) is twofold: 1) different soil formations or
lithological units would possess distinctive soil properties along
the penetration path of a CPT; 2) in each presumably statistically
homogeneous layer (i.e., a soil layer consisting of same soil forma-
tion) detected by a CPT, the soil properties may still be varying due
to the inherent spatial variability. Hence, interpretation of CPT
sounding data could be considered as a two-layer, spatial-
constrained segmentation (i.e., delineate the boundaries of each
soil layer) problem, in which the statistics of the soil properties,
referred as the statistical characteristics in the feature space, are
spatially dependent on the stratigraphic distribution of the soil
formation, which are governed by certain spatial correlations and
referred as the spatial characteristics in the physical space. In a
sense, the latter aspect seems more critical for the accuracy of
interpretation, since misclassification of the soil formations will
consequently lead to misestimating of the associated soil proper-
ties. Although each of the existing methods has its own theoretical
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background for representing the statistical characteristics of the
material properties, few of them can be viewed as a complete
model, since the spatial information of the CPT sounding contain-
ing spatial characteristics in the physical space is not fully taken
into account. In addition, most of the existing research has focused
on subsurface characterization using soundings from a single CPT.
Nevertheless, interpreting multiple CPT sounding data at a project
site by one sounding at a time may not be the best approach, espe-
cially for those subsurface regions containing thin soil layers, since
CPT data of these thin layers from a single sounding record may not
be sufficient to support accurate soil classification and properties
estimation. Such misclassification and biased estimates may lead
to additional difficulties in distinguishing or determining soil
types, and interfering accurate stratigraphic profiling of the entire
subsurface region of a project site. Therefore, there is a need for a
methodology that allows for using multiple CPT sounding records
at a project site to interpret subsurface soil stratification and rele-
vant soil properties, with the accompanying ability to quantify
uncertainties associated with such interpretation.

To overcome the aforementioned limitations of the existing
methods, we have developed a Bayesian clustering approach based
on hidden Markov random field (HMRF) models, where multiple
CPT sounding data at a project site are taken as input for simula-
tion and modeling purpose. Compared with the existing hard clus-
tering approaches (i.e., the clustering results of which are
deterministic) using distance-based similarity measures [11,12],
the proposed approach has several advantages. To be more specific,
first, the proposed approach is essentially a Bayesian method and
hence it is likelihood based and soft clustering results (i.e., which
are probabilistic) can be achieved. An appealing advantage derived
from this probabilistic clustering approach is the ability of uncer-
tainty quantification as the interpretation of the clustering result
is also uncertain in nature. Second, in the proposed approach, the
correlations in the feature space and the physical space are linked
together using HMRF model, which is a two-layer model ideally
suited for the CPT sounding data interpretation. The spatial charac-
teristics of the stratigraphic sequence (i.e., stratigraphic profile
detected along the penetration path of a CPT) in the physic space
are described in the hidden layer of soil states (i.e., soil types)
based on Markov models, which has been proven very successful
for modeling subsurface stratigraphic profile [13–16]. Taking such
spatial constraints in physic space into consideration can greatly
improve the accuracy and robustness of the proposed approach,
especially for CPT data of highly heterogeneous subsurface regions
(i.e., clusters of certain soil type are uniformly spread or highly
overlapped in the feature space). The observation (i.e., sampled soil
properties) layer, with the statistical characteristics of material
properties in the feature space, is handled by a commonly used
Gaussian mixture model (GMM) [17]. As will be shown later, such
two-layer model framework enables the proposed method to iden-
tify boundaries between different lithological units effectively and
accurately, especially for thin layers and adjacent soil layers pos-
sessing very close material properties. Moreover, the proposed
method allows one to interpret multiple CPT sounding records at
a project site simultaneously. It will be shown in this paper that
combining all the available sounding records from multiple CPTs
can provide a more comprehensive and reliable description of
the statistical characteristics of soil formations, thereby greatly
enhancing the accuracy of soil classification and soil properties
estimation in a project site with complex geological settings.

This paper is organized in the following manner. Section 2 pro-
vides a mathematical description of HMRF and the related sam-
pling algorithm. In Section 3, a series of numerical examples of
an artificial case are used to illustrate the application of the pro-
posed method, as well as to examine its performance. In Section 4,
the proposed methodology is applied to real CPT sounding data to

demonstrate its applicability in handling actual project site condi-
tions. Conclusions are then presented in Section 5.

2. HMRF model

2.1. General concepts and definitions

Within a framework of a random field, subsurface domain along
the vertical penetration path of a CPT can be discretized into a set
of depths S ¼ f1;2;3; . . . ; sg, according to the resolution of the CPT
sounding samples. For each depth i 2 S, its soil label (representing
a soil type) Xi is considered as a random variable, which takes a
value xi in the set of soil labels L ¼ f1;2;3; . . . ; kg, denoted as
Xi ¼ fxijxi 2 Lg. Then a configuration of the soil labels of all the
depths can be denoted as x ¼ ðx1; x2; . . . ; xsÞ, and that all the possi-
ble configurations can be represented as X ¼ fx ¼ ðx1; x2; . . . ; xsÞj
xi 2 L; i 2 Sg. Similarly, the CPT sounding sample of each depth is

denoted as Yi ¼ fyijyi 2 Rdg, where Rd is a d dimensional feature
space corresponding to the number of soil properties sampled,
and y ¼ ðy1; y2; . . . ; ysÞ is a realization of a sequence of sounding
samples. The CPT sounding samples are fundamentally dependent
on the material properties of the soils being penetrated by the
cone. Therefore, given a certain soil label Xi ¼ l, the corresponding
sounding samples Yi will follow a conditional probability
distribution:

pðyijlÞ ¼ f ðyi; hlÞ; l 2 L; i 2 S ð1Þ
in which hl is a set of parameters dependent on soil label l, and that
we denote the set of all the parameters as H ¼ ðh1; h2; . . . ; hlÞ, f ð�; hlÞ
is a function family with same analytic form.

The object of site characterization using CPT data actually is to
estimate the unknown true stratigraphic profile x� and the corre-
sponding soil properties H� based on given sounding samples y.
Herein we follow the Maximum a posteriori (MAP) criterion, which

implies that the best estimation of x� and H�, denoted as bx and bH,
lead to the maximum posterior probability:

ðbx; bHÞ ¼ argmax
x2X

Pðx;HjyÞ ð2Þ

According to Bayes’ theory, the posterior probability in Eq. (2)
can be further expressed as:

Pðx;HjyÞ / PðxÞPðyjx;HÞ ð3Þ
where PðxÞ is referred as the prior probability, which reflects the
spatial characteristics (i.e., correlation) of the distribution of soil
labels (i.e., subsurface stratigraphic profile); Pðyjx;HÞ denotes the
likelihood probability, which provides a statistical description of
the sounding samples in the feature space. The mathematic descrip-
tion of prior probability and likelihood probability is introduced in
the following sections.

2.2. Markov random field (MRF) and prior probability

MRF is a powerful and widely used model for simulating the
distribution pattern of the subsurface lithological units
[13–15,18]. In an MRF, the random variable at depth i 2 S is
correlated with other corresponding variables of certain spatially
adjacent depths @i, which are referred as neighbors of depth i.
Particularly, for the depths along the one-dimensional CPT
penetration path, the neighborhood system can be defined as
N ¼ f@i ¼ ði� c; . . . ; i� 1; iþ 1; . . . iþ cÞg, where c is an integer.
Under this condition, the soil stratification x is said to be an MRF
with respect to neighborhood system N, if and only if the joint
probability of each possible configuration x 2 X is strictly
positive, i.e.,
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