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The aim of this paper is to apply Thevenin’s theorem to mutually coupled elements. Mutual coupling between
elements exist due to proximity of elements in electric circuits. The determination of the current in a new added
element to an existing circuit is usually done through Thevenin’s theorem when the new element is not mutually
coupled with any other element in the circuit. However, when the element is mutually coupled with other
elements in the circuit, then application of Thevenin’s theorem is not straightforward. Thevenin’s voltages and
impedances have to be modified to include the effect of mutual coupling between the new element and the
existing elements of the circuit. A systematic approach to modify Thevenin’s voltages and impedances is pre-
sented in this paper. Two examples are presented to demonstrate the procedure. The first example considers only
single coupling while the second considers multiple coupling. In single coupling, the new element is coupled
only with a single element of the circuit. In multiple coupling, the element is coupled with several elements of
the circuit.

1. Introduction factor depending on mutual coupling and Thevenin’s impedances be-
tween the mutually coupled element nodes as well as between these
Many electrical circuit elements have mutual coupling between nodes and the new added element nodes.

them due to proximity of elements. Such coupling is due to electric field

proximity as in capacitors, or magnetic field proximity as in inductors.
Formation and modification of bus admittance and impedance matrices
of circuits containing mutually coupled elements has been treated
thoroughly [1-4]. Mutual coupling between elements of antenna arrays
have been investigated by several researchers [5-12]. The effects of
mutual coupling between transmission lines in power systems have
been investigated in [13-19]. Thevenin’s theorem has been applied
widely in many fields of electrical engineering due to its simplicity. The
application of Thevenin’s theorem to determine the current in a new
added element to a circuit is straightforward when the added element is
not mutually coupled with other elements of the circuit. However,
when the added element is mutually coupled with other elements of the
circuit, then Thevenin’s impedances and voltages have to be modified
to account for the mutual effect. So many applications of electrical
engineering, ranging from electronics and communications to power
systems, may face problems with mutually coupled elements and hence
need a systematic approach to applying Thevenin’s theorem to such
problems. In this paper, a systematic approach to applying Thevenin’s
theorem to mutually coupled elements is presented. Thevenin’s voltage
between the nodes of the new added element is modified by a factor
depending on the mutual coupling and Thevenin’s voltages of the mu-
tually coupled element nodes. Thevenin’s impedance is modified by a

E-mail address: jhstallag@uob.edu.bh.

https://doi.org/10.1016/j.ijepes.2018.04.033

2. Mutual coupling with a single element

An external element of self-impedance z is to be connected be-
tween nodes p and q. The element is mutually coupled with an existing
element connected between nodes a and b that has self-impedance zg,y,
as shown in Fig. 1. The mutual impedance between both elements is z,.

If the element is connected between the existing node p and a new
node f as shown in Fig. 2, then the voltage and current relationship of
both elements are

Vab = Zsaplab + ZmIt 1)
Vit = Zmlab + Zslf (2)

In matrix form

Vab _ [Zsab Zm]. Tab
fo T | Zm  Zst I 3)

L _ [Zsab Zm ]_1 X Vab _ [YSab Ym ] . Vab
Ig Zm Zst fo Ym  Yst \/pf 4
This yields
It = Yt Vor + Y Vab (5)
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Fig. 2. Voltage and current relationship between coupled elements.

Vor = Vgt (li=Yp Vab) 6

With If = 0, we have

Vor = =Y Y Vab @)
The new node voltage is

Vi =V Vor = Vi + Yt Y Vb (®)

If the circuit has node (bus) impedance matrix, Zy, of order n, and
injected currents to the nodes are I, then we have

V= Zpys.I ©)
The voltage of node p is
Vo= D) 7l
i=1 (10)

where z,; are elements of the bus impedance matrix corresponding to
node p and [ is injected current at node i. The voltage across the ele-
ment between nodes a and b is

n
Vib = Vi=Vp = ) (Zai—2);

i=1 (11
The new node voltage from (8) is
n
Y= 2 vl a2
where
zg = Zpi + Y Vi Zai—Zb1) 13)

are elements corresponding to the new node f row in the bus impedance
matrix. The elements of the new column corresponding to node f are
equal to those of its row (zg) due to the symmetry of the bus impedance
matrix. With Iy # 0

n
\/p = Z ZpiIi + (pr + y;flym(zap_sz))’(_lf)
i=1 a4
and from (6), V¢ is
Vi = Vo= Vor = Vp o+ 3 Vi 335" (<T) (as)

From the bus impedance matrix, V¢ should be
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n
Vi = 2 (zpi + ys_flym(zai_zbi))li + zg(—If)

i=1 (16)
Note that V, and Vy, with I; # 0 are
n
Va= ; Zoili + Zga(=1Tp) an
n
Vo = E zpili + 2gp(=1p) a8)
where z¢, and zg, from (13) are
Zta = Zpa + Yo Ven(Zaa—Zba) (19)
and
2 = Zpp + Y Y (Zab—Zop) (20)
Egs. (15) and (16) yield
2t = Zpp + Vo Y (Zap=Z0p) + Vi Y (Zra—210) + V7' 1)
or
2 = Zgy + Y (1 + Y (Za—Zs)) (22)

Injecting current —I; to node f and I; to node q and adjusting until
Vg = Vg, yields

n
Vi = Z zgli + zg(=If) + Zgls

i=1 (23)
and
n
\/q = Z Zqui + qu(—If) + quIf
) (24)
Equating V¢ to V, yields
n
zZi—zg)Ti = (Zgr + Zgq—22¢) ¢
i; (25)
Note that
Z6—Zgi = (Zpi—Zqi) + Yo Yon(Zai—Z0i) (26)
and
n
Enw = Z Zil;
i=1 (27)

is Thevenin’s voltage of node k (prior to connecting the new element).
Using (26) and (27) yields

n
i=1

Y¥m
(z6=2g)Ti = Btpg) + = Eth(ap)
ysf (28)

Note that zg from (21) and zg, and zg, from (19) and (20) yield

Im

2
Y 1
Zff = Zpp + Zi(zap_sz) + (ﬁ) (Zaa + Zpb—22ap) + —
Vst st st (29)
and z¢ from (13) is
Zfq = Zpq t+ ys_fIYm(Zaq_qu) (30)
This yields
1 Ym
Zg + qu_Zqu =—+ 2_((Zap_zaq)_(sz_zbq)) + (pr + qu_Zqu)
sf sf
y 2
+ (_m) (Zaa + be_ZZab)
Yt (€29)]
Note that prior to connecting the new element,
Zth(pg) = Zpp T Zgq—2Zpq (32)
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