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significant advance in the understanding of complex dynamical systems with nonlinearities.
This is precisely what this paper offers: a solution to the problem of automatically proving
some dynamic stability properties of complex systems with multiple discontinuities and
modes of operation modelled as hybrid dynamical systems. For this purpose, we propose

Keywords: a reinterpretation of some stability properties from a computational viewpoint, chiefly by
Hybrid systems using the computer science concepts of safety and liveness. However, these concepts need
Liveness to be redefined within the framework of hybrid dynamical systems. In computer science
Stability analysis terms, here, we consider the problem of automatically disproving the liveness properties
Discontinuous systems of nonlinear hybrid dynamical systems. For this purpose, we define a new property, which

Hybrid automata we call deadness. This is a dynamically-aware property of a hybrid system which, if true,

disproves the liveness property by means of a finite execution. We formally define this
property, and give an algorithm which can derive deadness properties automatically for a
type of liveness property called inevitability. We show how this algorithm works for three
different examples that represent three classes of hybrid systems with complex behaviours.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

A hybrid dynamical system is a mathematical model for a part of the real world where discrete and continuous parts
interact with each other. Such systems can model all kinds of situations, from biological systems [21,31] to a controller
interacting with its environment [67,70], from electronic circuits [38,53] to mechanical systems [51].

Suppose we have a hybrid system, which is modelled in a particular framework. We might try analysing this model
mathematically to work out what would happen in the system, using Lyapunov stability theory [15,23,33,48,54]. However,
it is typically unclear what the behaviour patterns of a general hybrid system are, due to the interactions of the continuous
dynamics and the discrete transitions. So although we can define mathematically what we would like to be true, it is not
necessarily possible to decide whether this is actually true.

As a second choice, maybe we consider simulation as a method for discovering what the behaviour patterns of the
system are. With this method we can get a very clear idea of what might happen for particular start states, but it is hard
to know that we have covered all possible behaviour patterns of a system, no matter how many simulations we run.
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This leads to a third option of analysing the system: formal verification. This involves analysing the hybrid system using
automatic methods to see if it conforms to some desired pattern. The verification process involves specifying the model of
the system, specifying the property we wish it to conform to, and then checking if the model satisfies the desired property.
This checking phase can be achieved with either logical deduction (deductive verification or theorem proving) [2,58], or an
exhaustive search of the states in the system [19,63].

Whichever method is used to find the relationship between the system and the property, we must first have a specifica-
tion of the system itself, which can be framed in many terms; we use the hybrid automaton framework [4,42,51]. With this
background model, we then specify the patterns we wish the system to obey, which are usually framed as logical properties
in some defined logic, although other approaches have been proposed [17]. Some possible logics include linear temporal
logic (LTL) [59], computation tree logic (CTL) [27], and the class of various metric temporal logics [5,44].

In hybrid dynamical systems, the vast majority of logical properties studied have been invariance properties, which say
that a system will always satisfy some logical expression for all time [20,36,63]. These invariance properties are a subset of
the more general class of safety properties, which have an informal definition which says that a ‘bad thing’ never happens,
and is the type of properties that have attracted more attention in the field of hybrid systems, together with model check-
ing techniques [65]. It is interesting to highlight the application of model checking techniques to automatically generate
switching controllers for linear hybrid automata [12,13]. The approach proposed in our paper has not been designed for
controller synthesis. However, it could be used to evaluate the performance of closed-loop systems by automatically check-
ing the satisfaction of some dynamical properties after a controller has been applied to the system. We stress the fact that
we deal with nonlinear hybrid automata. This entails more difficulties than for linear hybrid automata for the automatic
generation of controllers. Verification techniques for nonlinear systems are not as common as for linear systems. A recent
tool for the verification of properties (model validation and parameter synthesis) for hybrid systems with nonlinear dynam-
ics - in particular, piecewise nonlinear systems - is the Breach tool [25]. We also highlight the verification for nonlinear
hybrid automata using barrier certificates [62].

The complementary property to safety is liveness, which has been barely touched as a formal verification problem for
continuous-time systems. Some kind of liveness is implicit in various dynamical properties such as strictly decreasing Lya-
punov functions, periodic orbits, and proving that solutions of differential equations exist, however explicit statement and
computational proof of liveness properties has only happened in certain classes of hybrid systems. These classes include
linear hybrid automata [6], where the dynamics are always solvable, and also systems for which piecewise constant bounds
on the derivatives can be given [39], where approximations of the reachable space are easy to find. There is also recent
work on proving sub-classes of liveness in continuous and hybrid systems: inevitability properties [18,26,66] and region
stability [49,60,61]. Inevitability says that ‘eventually a certain region of the state-space is reached’, and is the simplest of
the liveness properties both for specification and proof. Liveness has also been considered in examples, for instance [43]
looks at safety and liveness for a controller for an automatic intersection, and [28] proves liveness properties showing that
robots move in a certain way.

There are also academics who consider time-bounded liveness properties instead of liveness properties on infinite time,
and these include [11,32]. Such bounded liveness properties are effectively safety properties in the way they are proved, so
are generally considered less complex. However, there are some essential properties of systems which cannot be transformed
into a time-bounded form, like infinite recurrence of states for instance. We should also distinguish liveness from the
similarly-named concept of livelock which comes from the theory of parallel processes. Livelock and deadlock are both
notions of two (or more) processes interfering with each other to stop useful motion occurring. Deadlock is where the two
systems block each other from any further motion, whereas livelock is when the states of the systems keep changing, but
the desired thing never happens. In this sense, both deadlock and livelock are like counter-examples to liveness, as they
prove that the desired thing does not happen. In the world of parallel programs, tight definitions of deadlock and livelock
are given by [69], and in hybrid control systems definitions are given by [1].

In this paper, we consider (unbounded) safety and liveness properties that can be written in a logic such as linear
temporal logic (LTL), and will give a formal definition for these properties on hybrid automata, using the ideas of [3]
who defined what a safety or liveness property is in concurrent programs. In dynamical systems, liveness properties can
characterise many useful properties, as liveness says that something eventually becomes true. For instance, liveness can
characterise the idea of convergence to some desired state, a key part of Lyapunov stability theory. The property of always
returning to some desired state can also be characterised by a liveness property. In this paper we relate liveness properties to
some stability-related properties of hybrid dynamical systems, mainly, global attractivity. Attractivity encompasses the idea
that a system trajectory will keep getting closer and closer to a desired point in space. Stability and attractivity capture the
intuition that we have about good behaviour of a dynamical system, but are not easy to prove automatically. We highlight
that the stability-like properties covered by our approach are conceptually different than practical stability. Practical stability
was originally proposed to deal with practical control problems, mainly, the study of finite time control and stability [34,
73,74]. It is related to convergence to behaviours with pre-specified bounds during a fixed time interval. It is similar to
uniform boundedness, but in contrast to uniform boundedness, in practical stability the bounds in the state space and time
are pre-defined [45].

Liveness properties are characterised by the idea that, at any finite point in an execution, they could always be satisfied
at some point in the future, or alternatively that the only type of execution which can disprove such a property is one of
infinite length. In continuous space-time it can be very difficult to be able to find infinite length paths. If we could gain
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