[m5G;August 9, 2017;19:54]

JID: JOEMS
Journal of the Egyptian Mathematical Society 000 (2017) 1-10
Contents lists available at ScienceDirect
Journal of the Egyptian Mathematical Society
""‘"’a‘,..auﬁ"-”t journal homepage: www.elsevier.com/locate/joems

Original Article

Complexity of graphs generated by wheel graph and their asymptotic

limits

S.N. Daoud P+

3 Department of Mathematics, Faculty of Science, Menoufia University, Shebin El Kom 32511, Egypt
b Department of Mathematics, Faculty of Science, Taibah University, Al-Madinah 41411, Saudi Arabia

ARTICLE INFO ABSTRACT

Article history:
Received 30 July 2016
Revised 15 March 2017
Accepted 17 July 2017
Available online xxx

The literature is very rich with works deal with the enumerating the spanning trees in any graph G since
the pioneer Kirchhoff (1847). Generally, the number of spanning trees in a graph can be acquired by
directly calculating an associated determinant corresponding to the graph. However, for a large graph,
evaluating the pertinent determinant is ungovernable. In this paper, we introduce a new technique for

calculating the number of spanning trees which avoids the strenuous computation of the determinant for
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calculating the number of spanning trees. Using this technique, we can obtain the number of spanning
trees of any graph generated by the wheel graph. Finally, we give the numerical result of asymptotic
growth constant of the spanning trees of studied graphs.
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1. Introduction

The research of the complexity of a graph has a comparatively
long history. The importance of this research line is in fact due to:

1- Investigating the possible particle transitions of masers using
energy analysis,

2- Estimating the accuracy of a network,

3- Recounting specific chemical isomers,

4- Electrical circuits layout,

5- Enumerating the number of Eulerian tours in a graph [1-10].

The complexity (the number of spanning trees) t (G ) of a finite
connected undirected graph G is defined as the total number of
distinct connected acyclic spanning subgraphs.

There are many techniques to compute this number. Kirch-
hoff [11] gave the famous matrix tree theorem. In which 7 (G) =
any cofactor of L(G), where L(G) is equal to the degree matrix
D(G) of G minus the adjacency matrix A(G) of G.

Another method to count the complexity of a graph is using
Laplacian eigenvalues. Let G be a connected graph with n vertices.
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Kelmans and Chelnoknov [12] derived the following formula:

n-1

(@ = [ e (M)
k=1

Where n =y > iy >...> 4y =0 are the eigenvalues of the
Laplacian matrix L(G).

Degenerating the graph through successive elimination of con-
traction of its edges represent the core of another way to compute
the complexity of a graph [13]. In this way, the summation of com-
plexities in small well known graphs yields directly the complexity
of an unknown graph G. Let e be an edge with endpoints u and v
in the graph G, the deletion G — e of e from G is the graph gained
by removing e and the contraction G - e of e from G is the graph
obtained by removing e and identifying u and v. The formula for
computing the complexity of a graph G is given by

T(G)=1(G—-e)+71(G-e). (2)

Recently, Daoud [14] introduced some new theorems which
generalized this method. We will make use of these theorems in
this work.

2. Main results

Theorem 1. For n > 3, the number of spanning trees of the wheel

n n
graph W, is given by <3+£> + (3 _£> -2.

2 2

1110-256X/© 2017 Egyptian Mathematical Society. Production and hosting by Elsevier B.V. This is an open access article under the CC BY-NC-ND license.

(http://creativecommons.org/licenses/by-nc-nd/4.0/)

Please cite this article as: S.N. Daoud, Complexity of graphs generated by wheel graph and their asymptotic limits, Journal of the Egyptian
Mathematical Society (2017), http://dx.doi.org/10.1016/j.joems.2017.07.005



http://dx.doi.org/10.1016/j.joems.2017.07.005
http://www.ScienceDirect.com
http://www.elsevier.com/locate/joems
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:salamadaoud@gmail.com
mailto:sa_na_daoud@yahoo.com
http://dx.doi.org/10.1016/j.joems.2017.07.005
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://dx.doi.org/10.1016/j.joems.2017.07.005

JID: JOEMS

[m5G;August 9, 2017;19:54]

2 S.N. Daoud/Journal of the Egyptian Mathematical Society 000 (2017) 1-10

JAVANVANRNVA AN

JAVAN

\VAVAVAVAVAV

w A

n n

VAV

DH

AVA

Fig. 1. The five families of graphs which we use to find an explicit formula for the complexity in the wheel graph W,.

Proof: Consider the following five different families of graphs de-
noted by Wy, An, Bn, G, and Dp as shown in Fig. 1, where n de-
note the number of vertices.

We use Eq. (2) on the indicated edges to find a system of re-
currence relations:

T(Wh) =7(An) + T(Bno1)

T(An) = T(Coo1) + TWhq)

T(Bn) = T(Dn) + T(Bn-1)

T(Cn) = T(Cn—l) + T(Dn—l)

T(Dn) = 7(Ch) + T(Dy—1) = T(Dp—1) + T(By1).

Consider the last two relations for 7(C;) and (D), we have:
T(Gry1) = T(G) + T(Dn) =27(Gr) + T (Dy—1) =3 7(Gr) — T(Gyo1)s
or T(G1)—37t(G)+7(C1)=0, thus 7(G)—-37(Cq)+
7(Ci2) =0 and 7(Cy_1) —37(Cr2) + 7(Cy3) = 0.

Subtracting these two equations, we get 7(G;) —47(Cy_q1) +
41 (Cy_p) — t(Cy_3) =0, which is the final recurrence relation for
T(Gy).

Consider the first two relations for 7 (W) and t(A).

Since t(B,_1) =1(C;), we have t(W,) =1(Ay) +7(G) and
hence t(W,_1) = t(Ap_1) + T(Cy_1).

Substituting into the second relation, we obtain 7(A,) =
T(An_1) +21(Ci), therefore T(An) —T(Ap1) =27(Cy_q),s
since 7(C,_1) —37(Cy2) +7(Cy_3) =0, we have 27t(G_q)—
2(3)1(C2) +27(Gr3) =0, [T(An) — T(Ap-1)] =3[t (Ap1) -
T(Ap_2) ]+ [T (An2) —T(Ay3)] =0, thus  7(An) —47(Ap_q) +
41 (Ap_2) — T(Ay_3) =0, which is the final recurrence relation for
T (An).

Now both 7(A;) and 7(C;) have the third order homogeneous
recurrence relation:

Xn—4Xp_1 +4X_2 —Xp3=0. (3)

Thus t©(Wp) = 7(An) + 7(G;) must have the same relation.
Therefore the characteristic equation corresponding to this re-
currence relation is r3 —4r2 +4r — 1 = 0, which has characteristic
roots r = 3%@ and r = 1. Therefore, the general solution of t (W)
is T(Wn) = (358" + BB 1y

Solution of the recurrence relation (3) now reduces to find the
values of the constants «, B and y such that the general solution
conforms with the given initial conditions 7(W3) =16, t(W,) =
45 and t(Ws) = 121. Substituting the initial conditions in the gen-
eral solution we obtain

3 3
T(Wp) :a(3+2—‘/§> +ﬁ(¥) +y =16
T(Wh) =oz(3+2—‘/§>4 +ﬂ<3-2—¢5)4 +y =45
(W) :a(f"g—ﬁf +ﬁ<33—ﬁ)5 Ly =121

This system of equations have a unique solution &« = 8 =1 and
y = -2, and hence the result follows. O

The gear graph G, is the graph obtained from W, by inserting a
vertex between any two adjacent vertices in its cycle G,. See Fig. 2.

Theorem 2. For n > 3, the number of spanning trees of the gear
graph G, is given by (2 ++/3)" + (2 —+/3)" — 2.
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Fig. 2. The gear graph Gs.

Proof: Consider the following five different families of graphs de-
noted by Gn, An, Bn, G; and D, as shown in Fig. 3, where n de-
note the number of vertices of W;.

We use Eq. (2) together with Theorem 2.2 in [14] on the indi-
cated edges and paths to find a system of recurrence relations:

T(Gn) = T(An) + T(Bp1)

T(An) =27 (Coo1) + T(Gy1)

T(Bn) =27 (Dn) + T(By-1)

T(Gy) = 7(Coz1) + T(Dn-1)

T(Dn) =27(G) + T(Dnq) = T(Dy1) + T (Bpoy).

Consider the last two relations for 7(C;) and t(D;), we have
T(Cry1) = T(G) + T(Dn) =3 T(Cr) + T(Dp_1) =47(Cr) — T(Cor),
or (1) —4t(G) +7(C1) =0, Thus 7(Gy)—47t(Chq)+
T(Ci2) =0and 7(G1) —41(Ci2) + 7(Ci3) =0.

Subtracting these two equations, we get T(G;) —57(Cy_1) +
57(Cy_y) — 7(Cy_3) =0, which is the final recurrence relation for
7(G,). Consider the first two relations for 7(G,) and 7 (Ap).

Since T(B,_1) =271(C;), we have 7(Gp) = 7(An) +27(G) and
hence 7(Gp_1) = T (Ap_1) +27(Cy_1).

Substituting into the second relation, we obtain 7(Ap) =
T(Ap_1) +47(CGi), therefore T(Ap) —Tt(Ap1) =41(CGiq),
since 7(G_1) —47(G2) +7(C,_3) =0, we have 47(C_q)—
44 t(Gr2) +47(Cr3) =0, [T(An) = T(An1)] =4[t (An1) —
T(An2)] +[t(An2) —T(Ay_3)] =0, thus 7(Ap) —5T(Ap_1) +
51(Ap_2) — T(A,_3) =0, which is the final recurrence relation for
T(An).

Now both 7(Ap) and t(C;) have the third order homogeneous
recurrence relation:

Xn—5Xn_1+5Xp_2—X,_3=0. (4)

Thus the characteristic equation corresponding to this recur-
rence relation is 3 —5r2+5r—1=0, which has characteristic
roots r =2 ++/3 and r = 1. Thus the general solution of 7(Gy,) is
T(G)=aR+V3I)"+B82-V3)"+7y.

Solution of the recurrence relation (4) now reduces to find the
values of the constants «, 8 and y such that the general solution
conforms with the given initial conditions 7(G3) =50, T(Gy) =
192 and t(Gs) = 722. Substituting the initial conditions in the gen-
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