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a b s t r a c t

Modelling the vibrational response of railway tracks is a mandatory step to predict rolling
noise. This article proposes a model based on the semi-analytical finite element method
(SAFE) taking into account the three main characteristics of railway tracks: infinite length
in the longitudinal direction, deformable cross-section, and periodic track support.
Although this approach is ideally suited to predict rail vibrations, numerical instabilities
undermine its reliability at low frequencies. Consequently, a new approach using the
second-order Arnoldi reduction (SOAR) is used, which allows to provide the required
numerical stability. Lastly, numerical results are compared with classical railway track
behaviours described in the literature, as well as experimental data and 3D finite element
simulations.
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Nomenclature

List of symbols
a diagonal matrix composed of ai terms
aj=bj free wave amplitude associate with kj in the negative/positive direction
b diagonal matrix composed of bi terms
D zð Þ=Dz diagonal matrix composed of ekjz terms
dkm Kronecker symbol
�=f matrices expressing the linear combinations of free waves to obtain the characteristic waves
h sleeper’s rotation
k propagation constants linked to the periodicity factor of the Floquet theorem
kr ;lr Lamé parameters
l scalar defined as k�1 used for the SOAR reduction
P zð Þ sleeper force projection on the cross-section
q mass density
/j x; yð Þ jth mode shape of the rail cross-section
/FE nodal displacements of /j x; yð Þ
u matrix whose columns are ui
uj=wj cross section deformation associated with kj in the negative/positive direction
w matrix whose columns are wi
x angular frequency
A finite element assembly symbol
Ai area of the ith element
Ap zð Þ matrix expressing the support force as a function of the rail displacement
B0=B1=B2=B3 finite element stiffness matrices
Cb rotation dynamic stiffness matrix of the ballast
Fr force vector applied on the rail
FsleeperðzÞ force generated by a sleeper
f frequency
f red chosen frequency for the creation of the reduction basis
G zð Þ force vector of the neighbouring generic element
Gp zð Þ force vector projection on the rail cross-section
I identity matrix
J sleeper’s second moment of area
K diagonal matrix composed of the kj terms
Kb translation dynamic stiffness matrix of the ballast
Kp translation dynamic stiffness matrix of the pad
K0/K1/K2 matrices associated with the QEP of Eq. (3)
kj=k complex propagation coefficient
L distance between two successive sleepers
L1 distance between the left end of the generic element and the point where the force is applied
M sleeper’s mass
M finite element mass matrix
N iðx; yÞ shape function matrix
Nm number of modes chosen for the reduction basis
Nn number of nodes located on the rail foot
n number of nodes for the cross-section
Pe curl operator
qj z; tð Þ wave propagation associated to /j x; yð Þ
R receptance defined as the ratio between the displacement and the force
TK transfer matrix
t time
U sleeper’s displacement
UD lines of the reduced basis corresponding to the DoFs of the response
UF lines of the reduced basis corresponding to the DoFs of the force
Ur

e displacement vector associated with the contact points on the rail
Us

e displacement vector associated with the contact points on the sleeper
u x; y; z; tð Þ rail displacement field
~u projection of the displacement field of the rail on the reduction basis
u0 initial vector of the Second order Arnoldi reduction procedure
x; y; zð Þ Cartesian coordinates
GN second order Krylov subspace
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