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a b s t r a c t

In this paper, an adaptive containment control is considered for a class of multi-agent systems with mul-
tiple leaders containing parametric uncertainties. The agents are heterogeneous though their dynamics
have the same relative degree and areminimumphase,while the interconnection topology is described by
a general directed graph. A distributed containment control is proposed for the agents to enter the mov-
ing convex set spanned by the leaders, based on an adaptive internal model and a recursive stabilization
control law.

© 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Recent decades have witnessed a lot of research interest in
the coordination of multi-agent systems, especially the leader-
following coordination of linear systems (Hong, Wang, & Jiang,
2013; Li, Liu, Ren, & Xie, 2013). Distributed output regulation has
been studied as a framework for such problems when the leader’s
dynamics are totally different from those of the followers, and
distributed control based on internal model (IM) is shown to be
an effective way to track a moving leader (Hong et al., 2013; Su
& Huang, 2013; Wang, Hong, Huang, & Jiang, 2010). In fact, IM
has been widely used in conventional output regulation (Huang,
2004; Isidori, Marconi, & Praly, 2012). Moreover, adaptive IMs
were proposed for the output regulation with uncertain exosys-
tems (Liu, Chen, & Huang, 2009; Obregón-Pulido, Castillo-Toledo,
& Loukianov, 2011; Serrani, Isidori, &Marconi, 2001), and then dis-
tributed output regulationwith anuncertain leaderwas studied for
multi-agent systems (Su & Huang, 2013).

Also, multi-agent containment control attracts more and more
attention by forcing follower agents to enter a given convex set
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(maybe spanned by a group of leaders) in a distributed way. Var-
ious containment controllers were designed for fixed or switched
interconnection topologies and related connectivity conditions for
containment were discussed (e.g., Cao, Stuart, Ren, & Meng, 2011;
Lou & Hong, 2012; Meng, Ren, & You, 2010; Shi & Hong, 2009; Shi,
Hong, & Johansson, 2012).

The objective of our paper is to study containment control with
multiple leaders containing parametric uncertainties. Our contri-
bution can be summarized as follows:

(i) The leader model we considered is different from those in
existing containment results for the leaders with known dynamics
(Cao et al., 2011; Mei, Ren, & Ma, 2012; Meng et al., 2010), though
the parametric uncertainties may exist in the followers’ dynamics
(see Mei et al., 2012). For the leaders with uncertain parameters,
the existing containment methods cannot be applied directly. To
deal with this hard problem (noting that adaptive control design
is essentially nonlinear), we propose an adaptive IM-based design
for containment control.

(ii) Evenwhen there is one leader, our problem is different from
the leader-following problemwith the leader containing uncertain
inputs (e.g., Li et al. (2013), where the leader shares the same dy-
namics with the followers and sends the full state information to
the agents connected to it). In this paper, the leaders haveuncertain
parameters and their dynamics are different from those of the fol-
lowers.Moreover, the containment problem is solved using agents’
relative outputs.

(iii) The results are different from those given for distributed
output regulation when there is one leader with parametric
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uncertainties (Su &Huang, 2013). The follower agentswith relative
degree one and an undirected interconnection topology among fol-
lowers were considered in Su and Huang (2013). Here we develop
an adaptive IM-based approach to study the leader-following/
containment when the interconnection topology is a general di-
graph and the followers are heterogeneous with relative degree
greater than one.

2. Formulation

In this paper, we consider a multi-agent system composed of
N follower agents and K leaders. The followers’ dynamics are de-
scribed as follows:

˙̆xi = Āi(σ )x̆i + B̄i(σ )ui +

K
j=1

Ēij(σ )vj

yi = C̄i(σ )x̆i, i = 1, . . . ,N (1)

where x̆i ∈ Rni , ui, yi ∈ R, and σ ∈ Rnσ denotes the uncertain
parameter in the agents’ dynamics. The leaders are described as

v̇j = Sj(ω)vj, j = 1, . . . , K (2)

where vj ∈ Rnv and ω ∈ W ⊂ Rnω represents the uncertain pa-
rameter in a fixed compact set W. yN+j = Fjvj ∈ R is the output of
leader j. It is assumed that the initial conditions of the leaders be-
long to a fixed compact set V ⊂ RKnv , i.e., (v1(0), . . . , vK (0)) ∈ V.

Remark 2.1. There are two different types of parametric uncer-
tainties in our problem: uncertainty σ in the followers, to be
handled with robust technique (see the distributed stabilization
control in Theorem 4.1), and uncertainty ω in the leaders, to be
tackled using adaptive internal model. In what follows, we use
Āi, B̄i, C̄i, Ēij by dropping σ for simplicity.

With regarding the followers and leaders as nodes, a digraph (di-
rected graph) G = (V, E) with a node set V = {1, . . . ,N + K}

and an arc set E can be defined to describe the interconnection for
the multi-agent system (1) with the leaders (2), where the first N
nodes are associatedwith theN followers of system (1) and the last
K nodeswithout any neighbors represent the leaders of (2). The arc
set E contains an arc, denoted by (i, j), if node j can get the output yi
of node i. The setNi = {j ∈ V : (j, i) ∈ E} denotes the set of neigh-
bors of node i. A path from i to j in G is a node/arc sequence i1e1i2
e2 · · · em−1im of distinct nodes iκ and arcs eκ = (iκ , iκ+1) ∈ E for
κ = 1, 2, . . . ,m − 1 with i1 = i, im = j. The adjacency matrix of
G is denoted as A = (aij) ∈ R(N+K)×(N+K), where aii = 0, aij = 1
if (j, i) ∈ E and aij = 0 otherwise. The Laplacian of G is denoted
by L = (lij) ∈ R(N+K)×(N+K) with lii =

N+K
j=1 aij and lij = −aij for

i ≠ j, i, j = 1, . . . ,N + K (Godsil & Royle, 2001).
Convex sets are used to describe containment problems. A set

S ⊂ Rm is convex if (1 − γ )x + γ y ∈ S whenever x, y ∈ S and
0 < γ < 1 (Rockafellar, 1972). The intersection of all convex sets
containing S is the convex hull of S, denoted by co(S). The convex
hull of a set of points y1, . . . , yK ∈ Rm is a polytope, denoted by
co{y1, . . . , yK }. Denote Bx

ρ , {x ∈ Rn
: ∥x∥ ≤ ρ} for a constant

ρ > 0, and Ωc(W ) , {x ∈ Rn
: W (x) ≤ c} for a constant c > 0

and a smooth positive definite function W (x). For a closed convex
set S, denote ∥x∥S , inf{∥x − y∥ : y ∈ S}, where ∥ · ∥ denotes the
Euclidean norm.

Define a relative neighbor-based output eiv:

eiv =
1

|Ni|


j∈Ni

(yi − yj), i = 1, . . . ,N (3)

where |Ni| is the cardinality of the set Ni.

Definition 2.1. The (semi-global) adaptive containment problem
is solved for the multi-agent system (1) with uncertain leaders (2)

if, for any setB x̆
ρ with x̆ = (x̆1, . . . , x̆N)T ,2 we can find a distributed

control

ς̇i = gi(eiv, ςi, ςj, j ∈ Ni), ui = fi(eiv, ςi, ςj, j ∈ Ni) (4)

with B
ς

ρ′ , and ς = (ς1, . . . , ςN), ςi ∈ Rnςi such that, for any (x̆(0),
ς(0)) ∈ B x̆

ρ ×B
ς

ρ′ and (v1(0), . . . , vK (0), ω) ∈ V×W, the solution
of the closed-loop system is bounded over [0, ∞), and

lim
t→∞

∥yi(t)∥C(t) = 0, i = 1, . . . ,N

where C(t) = co{yN+1(t), . . . , yN+K (t)}.
To solve the problem, standard assumptions are listed.

Assumption 2.1. For each j = 1, . . . , K , all the eigenvalues of
Sj(ω) are distinct with zero real parts for all ω.

Assumption 2.1 is widely used in the study of output regula-
tion with exosystem/leader containing uncertain parameters. Un-
der this assumption, for any (v1(0), . . . , vK (0), ω) ∈ V × W, there
is a known compact set Σ ⊂ RKnv+nω such that d(t) , (v1(t), . . . ,
vK (t), ω) ∈ Σ for t ≥ 0. With uncertainty ω, the leaders may pro-
duce sinusoidal signals with arbitrary unknown frequencies, am-
plitudes and phases.

Assumption 2.2. For i = 1, . . . ,N , the system (1) has the same
relative degree r (that is, C̄iĀk

i B̄i = 0, k = 0, 1, . . . , r − 2, and
C̄iĀr−1

i B̄i ≠ 0) with a known high-gain frequency C̄iĀr−1
i B̄i, and is

minimum phase.
Without loss of generality, we assume C̄iĀr−1

i B̄i = 1 and r ≥ 2.

Assumption 2.3. For each follower, there exists at least one leader
that has a directed path to it.

Remark 2.2. UnderAssumption 2.3, the LaplacianL of the digraph
G can be expressed as

L =


H1 H2

0K×N 0K×K


, H1 ∈ RN×N , H2 ∈ RN×K .

From Meng et al. (2010), all the eigenvalues of H1 have positive
real parts; each entry of −H−1

1 H2 is nonnegative; and each row
of −H−1

1 H2 has a sum equal to 1. By Theorem 2.3 of Berman and
Plemmons (1979) (p. 134), there is amatrixQ = diag(q1, . . . , qN),
qi > 0 such that QH1 +HT

1Q is positive definite. Let λ̄0 be the min-
imum eigenvalue of QH1 + HT

1Q .

3. Preliminary results

To solve the containment problem, we provide preliminary re-
sults in this section. At first we convert the containment problem
into a leader-following problem with a virtual leader. Define the
tracking error for each agent

ei = yi + (H−1
1 H2)

(i)Fv, i = 1, . . . ,N (5)

where (H−1
1 H2)

(i) denotes the ith row of the matrix H−1
1 H2, F =

block diag(F1, . . . , FK ), and v = (v1, . . . , vK )T . Thus, we can define
a multi-agent system with a virtual leader as follows.
˙̆xi = Āix̆i + B̄iui + Ēiv, yi = C̄ix̆i, i = 1, . . . ,N (6)
where Ēi = block diag(Ēi1, . . . , ĒiK ), and

v̇ = S̄(ω)v, S̄(ω) = block diag(S1(ω), . . . , SK (ω)). (7)

Lemma 3.1. Under Assumption2.3, suppose that the leader-following
problem of (6) with the virtual leader (7) can be solved in the sense
that, for any set B x̆

ρ , there is a distributed control (4) with B
ς

ρ′ , such

2 For vectors x1, . . . , xn , (x1, . . . , xn)T , [xT1 , . . . , x
T
n ]

T .
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