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a b s t r a c t

An analysis is performed to study the two-phase natural convection flow of nanofluid along a vertical
wavy surface. The model includes equations expressing conservation of total mass, momentum and ther-
mal energy for two-phase nanofluid. Primitive variable formulations (PVF) are used to transform the
dimensionless boundary layer equations into a convenient coordinate system and the resulting equations
are integrated numerically via implicit finite difference iterative scheme. The effect of controlling param-
eters on the dimensionless quantities such as skin friction coefficient, rate of heat transfer and rate of
mass transfer is explored. It is concluded from the present analysis, that the diffusivity ratio parameter,
NA and particle-density increment number, NB have pronounced influence on the reduction of heat trans-
fer rate.

� 2017 Elsevier Ltd. All rights reserved.

1. Introduction

The analysis of nanofluids have received a notable attention
because of their tremendous spectrum of applications including ster-
ilization of medical suspensions, nanomaterial processing, automo-
tive coolants, microbial fuel cell technology, polymer coating,
intelligent building design, microfluid delivery devices and aero-
space tribology. The term nanofluid, first coined by Choi [1], refers
to a liquid containing a dispersion of submicron solid particles
(nanoparticles) having higher thermal conductivity in a base fluid.
It is noteworthy that these nanoparticles are taken ultrarefine (i.e.,
length of order 1–50 nm), so that nanofluids appear to behave more
like a single-phase fluid than a solid-liquid suspension. The nanopar-
ticles used in nanofluids are usually made of chemically stable met-
als, oxides, carbides, nitrides, or non-metals, and the base fluid is
generally a conductive fluid, such as water, ethylene glycol (or other
coolants), oil (and other lubricants), polymer solutions, bio-fluids
and other common fluids. Because of the enhanced heat transfer
characteristics and useful applications, numerous investigations
have been made on nanofluids under various physical circum-
stances. In this context, book by Das et al. [2] and review papers in
[3–8] presents comprehensive discussion of published work on con-
vective heat transfer in nanofluids.

The investigations on flow of fluids with suspended particles
have attracted the attention of numerous researchers due to their
practical applications in various problems of atmospheric, engi-
neering and physiological fields [9]. Farbar and Morley [10] were
the first to analyze the gas-particulate suspension on experimental
grounds. After that, Marble [12] studied the problem of dynamics
of a gas containing small solid particles and developed the equa-
tions for gas-particle flow systems. Singleton [13] was the first to
study the boundary layer analysis for dusty fluid and later on,
the dynamics of two-phase flow was investigated by numerous
authors under different physical circumstances [14–20].

It is noteworthy to mention here that irregular surfaces, say,
vertical or horizontal wavy surfaces have been considered vastly
in the literature [21–27]. Through these analysis, it has been
reported that such surfaces serves practically in engineering appli-
cations (for instance in solar collectors, grain storage containers,
industrial heat exchangers and condensers in refrigerators).
Although the single-phase flow of nanofluids over flat and/or wavy
geometries have been considered extensively in the literature, but
no work has been reported on the problem of effect of solid inert
(dust) particles on heat and mass transfer of two-phase nanofluid
flows along irregular surfaces. The goal of this work is to develop
numerical computational techniques which can be applied to
two-phase dusty nanofluid flows along vertical wavy surface. The
mathematical model considered in present problem is a dusty fluid
model proposed by Saffman [11], which handles the discrete phase
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(particles) and the continuous phase (fluid) as two continua occu-
pying the same space. In our work, the nanoparticles are assumed
to move due to such phenomena as Brownian motion and ther-
mophoresis and are carried by the flow of the base fluid. Further-
more, water is taken as continuous base fluid that contains dust
particles in it. Our purpose is to investigate the combined effect
of surface roughness element and dust particles on the flow and
heat transfer phenomena for the class of nanofluids. The Navier-
Stokes and energy equations are coupled with nanoparticle volume
fraction, dusty phase and amplitude of surface waviness to
describe the phenomenon systematically. Taking Grashof number
GrL to be very large, the boundary layer approximation is invoked,
leading to a set of non-similar parabolic partial differential equa-
tions whose solution is obtained through implicit finite difference
method. From the present analysis, we will interrogate whether
the presence of dust particles in nanofluids affects the physical
characteristics associated with the wavy surfaces or not? The com-
putational data is presented graphically in the form of wall shear
stress, heat transfer rate and mass transfer rate by varying several
controlling parameters. In addition, streamlines, isotherms, veloc-
ity and temperature profiles are plotted to observe the flow pattern
within the boundary layer.

2. Flow analysis

A two-dimensional natural convection flow of two-phase dusty
nanofluid is modeled along a heated vertical wavy surface. The
boundary layer analysis outlined below allows the shape of the
wavy surface, �yw ¼ �r �xð Þ, to be arbitrary, but our detailed numerical
work will assume that the surface exhibits sinusoidal deforma-
tions. Therefore, the shape of wavy surface profile is assumed to
pursue the following pattern:

�yw ¼ �r �xð Þ ¼ �a sin
2p�x
L

� �
ð1Þ

where �a is the amplitude of the transverse surface wave and L is the
characteristic length associated with the wave. The schematic of the
geometry are given in Fig. 1. In the above equations, over-bars
denotes the dimensional quantities. The surface of vertical wavy
plate is maintained at a constant temperature Tw, which is higher
than the ambient fluid temperature, T1. The assumption of two-
phase flow has been extensively analyzed in the past (for details
see Refs. [11,19]), and the equations describing the complete

description of the convective flow along vertical surface can be
written in dimensional form as:

For fluid phase:
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For particle phase:
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where ð�u; �vÞ; T;/; �p;qf ; cf ;b jf ;lf are respectively the velocity vec-
tor in the ð�x; �yÞ directions, temperature, concentration of nanoparti-
cles, pressure, density, specific heat at constant pressure, volumetric
expansion coefficient, thermal conductivity and dynamic viscosity
of the suspension of nanofluid. Similarly, ð�up; �vpÞ; Tp; �pp;qp and cs
corresponds to the velocity vector, temperature, pressure, density
and specific heat for the particle phase. In addition, g is the gravita-
tional acceleration, sm (sT ) the momentum relaxation time (thermal
relaxation time) for dust particles, /w the nanoparticle volume frac-
tion near the surface, /1 the nanoparticle volume fraction at the
outer edge of the boundary layer region, qnp the density of the
nanoparticles, DB the Brownian diffusion coefficient and DT the
thermophoretic diffusion coefficient.

The fundamental equations stated above are to be solved under
the appropriate boundary conditions to determine the flow fields
of the fluid and the dust particles. Therefore, the boundary condi-
tions for the problem under considerations are:

For fluid phase:

�uð�x; �ywÞ ¼ �vð�x; �ywÞ ¼ Tð�x; �ywÞ � Tw ¼ /ð�x; �ywÞ � /w ¼ 0
�uð�x;1Þ ¼ Tð�x;1Þ� T1 ¼ /ð�x;1Þ� /1 ¼ 0

ð11Þ

For particle phase:

�upð�x; �ywÞ ¼ �vpð�x; �ywÞ ¼ Tpð�x; �ywÞ � Tw ¼ 0
�upð�x;1Þ ¼ Tpð�x;1Þ � T1 ¼ 0

ð12Þ

In order to transform all the variables given in Eqs. (2)–(12), in
uniform order of magnitude, the following continuous dimension-
less variables have been employed:Fig. 1. Physical model.
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