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a  b  s  t  r  a  c  t

Eddy-current  testing  is used  in a variety  of  fields,  so it is  important  to analyze  the  coil  impedance.  Previ-
ous  studies  on  impedance  calculation  have  mainly  focused  on  circular  and  rectangular  coils.  This  paper
presents  a general  method  to evaluate  the impedance  of an  arbitrary-shaped  thin-walled  coil  facing  with
a planar  media.  The  impedance  formulas  are  deduced  by  using  second  order  vector  potential  (SOVP)
method.  In  the  formulas,  the  coil  function,  which  is  in double-integral  form,  is defined.  The  impedance
calculation  for arbitrary-shaped  coils  can  be represented  by  the corresponding  coil  function.  The  coil
functions  for common  coils  such  as circular,  triangular,  rectangular  and trapezoidal  coils are  also  derived
in  this  paper.  Finally,  the impedance  and  impedance  change  of  various  shaped  coils  above  an  aluminum
plate  are  measured,  and  compared  with  calculated  values.  The  results  indicated  that  they  have  a good
agreement.

© 2018  Elsevier  B.V.  All  rights  reserved.

1. Introduction

The eddy-current testing (ECT) is a common method for non-
destructive testing (NDT) of conductive materials. It is being
increasingly used for some industrial fields, for instance, device
fabrication, aeronautics and astronautics, petrochemical and power
system, etc. [1]. ECT uses an excitation coil to produce eddy-current
over the conductive specimen. In turn, the induced eddy-current
also affects the excitation magnetic field, causing a change in
coil impedance when abnormalities such as cracks occur in the
specimen. By calculating the coil impedance, the object’s elec-
tromagnetic properties, geometry, and testing condition can be
measured. In practical use of ECT, it is important to master the coil
impedance.

The coil impedance over conductive materials has subsequently
been analyzed by many researchers [1–8]. However, these analy-
ses were for coils with some specific shapes, such as circular and
rectangular, not available for coils of other shapes. A closed-form
expression has been proposed by Lv C. et al. for the impedance
of a rectangular coil moving across a conductor with right-angled
wedge [2]. Fava J.O. et al. presented expressions for calculating the
self-inductance and impedance produced by a planar rectangular
spiral coil of arbitrary number of turns and a finite rectangular
cross-section placed on a conductive material [6]. In addition, Burke
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S.K. et al. derived the formulations for the inductance of a circular
spiral coil in free space and the impedance change when the coil
is wound on the surface of a magnetically conductive cylinder [8].
But for impedance of coils with more complex shapes, to the best
knowledge of the authors, there are currently no reports. For coils
with arbitrary shape, there are only analysis about their magnetic
field and self-inductance [9,10].

In this paper, based on the previous studies, we  deduced the
formula for calculating the impedance of an arbitrary-shaped coil
facing with a planar media by using second order vector poten-
tial(SOVP). And we also defined a coil function for arbitrary-shaped
coil which is a double-integral form expression derived from the
impedance calculating formula. Therefore, the impedance calcu-
lation for arbitrary-shaped coils can be represented by the coil
function. Finally, we  experimentally measured different shape
coils’ self-inductance and scattering field impedance under dif-
ferent lift-off conditions. And the measured and calculated values
were compared and verified.

2. Impedance problem of eddy-current coils

2.1. Problem definition

A sketch of the problem studied in this paper as shown in Fig. 1.
An arbitrary-shaped thin-walled coil (solenoid) with N -turns and
a thickness of ı, lies above a conductive half-space. The interface
between the air region R0 and the conductive region R1 is the plane
z = 0. Assume that Region R1 is symmetrical and isotropic with a
constant conductivity � and a magnetic permeability � = �r�0,
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Fig. 1. An arbitrary-shaped coil above a conductive half-space.

where �r is the relative perImeability and �0 is the vacuum per-
meability. The coil is parallel to the conductor surface with a lift-off
z0.

When the coil is energized by alternating current q with ω =
2�f , an electromagnetic field (EMF) Bs will be generated, which is
called incident field. The Bs is only related to the excitation source
and has nothing to do with the presence or absence of the con-
ductor. According to Faraday-law, the eddy-current will be induced
over the conductor under the influence of Bs. The eddy-current also
produces another EMF  Bec , which is called scattering field.

We  first consider the EMF  of an arbitrary-shaped filament coil
which parallels to the conductor surface. For this task, the SOVP
method is used. Following [6], the EMF  problem for a filament coil
has been solved. The EMF  B in Region R0 is the gradient of scalar
potential W ,  namely [6]

B = ∇(
∂W
∂z

). (1)

The scalar potential W in (1) consists of two parts: the primary
potential Ws induced by the excitation current I in Region R0 and
the secondary potential Wec due to the eddy-current over Region
R1, that are{

B = Bs + Bec

W = Ws + Wec

. (2)

The expressions of above potentials have been given by Kriezis
and Xypteras [11] as

Ws =
∫ ∞

−∞

∫ ∞

−∞
Dse

kzej�xej�yd�d�, Z ∈ R0, (3)

Wec =
∫ ∞

−∞

∫ ∞

−∞
Ds
k�r − 	

k�r + 	
e−kzej�xej�yd�d�, Z ∈ R0, (4)

where � and � are the integral variables, Ds is a coefficient related
to the coil, k =

√
�2 + �2 and 	 =

√
k2 + jω�0�r�.

2.2. Electromagnetic field analysis

Based on Biot–Savart law, the primary potential Ws in (2) is
written as

Ws = �0I

4�

∫ ∫
S

1
R
dxsdys. (5)

where S denotes the area surrounded by the filament coil, R =√
(x − xs)

2 + (y − ys)
2 + (z − zs)

2 denotes the distance between
field point (x, y, z) and source point (xs, xs, zs) on the coil.

The generalized double integral form of R−1 is expressed as [2]

1
R

= 1
2�

∫ ∞

−∞

∫ ∞

−∞

1
k
e−k|z−zs|ej�(x−xs)ej�(y−ys)d�d�. (6)

Substituting (6) into (5), the primary potential Ws can be calcu-
lated by

Ws = �0I

8�2

∫ ∞

−∞

∫ ∞

−∞

{∫ ∫
S

e−j(�xs+�ys)dxsdys

}
e−k|z−zs |

k
ej(�x+�y)d�d�, (7)

We denote the contents in {} as the coil function C, which is only
related to the shape and position of coil,

C(�, �) =
∫ ∫

S

e−j(�xs+�ys)dxsdys. (8)

Substituting (7) into (1), we  can obtain x -component, y -
component and z -component of incident field Bs as follows

Bs,x = sgn(zs − z)
j�0I

8�2

∫ ∞

−∞

∫ ∞

−∞
�e−k|z−zs|ej(�x+�y)C(�, �)d�d�, (9)

Bs,y = sgn(zs − z)
j�0I

8�2

∫ ∞

−∞

∫ ∞

−∞
�e−k|z−zs|ej(�x+�y)C(�, �)d�d�, (10)

Bs,z = �0I

8�2

∫ ∞

−∞

∫ ∞

−∞
ke−k|z−zs|ej(�x+�y)C(�, �)d�d�. (11)

By using the formula above, we can calculate the EMF  produced
by arbitrary-shaped filament coils, and the C(�, �) varies with the
shape and position of coil.

Comparing (7) with (3), we  could get the expression of sec-
ondary potential from (4),

Wec = �0I

8�2

∫ ∞

−∞

∫ ∞

−∞

e−k(z+zs)

k

k�r − 	

k�r + 	
ej(�x+�y)C(�, �)d�d�. (12)

Similarly, substituting (12) into (1), we can also obtain x -
component, y -component and z -component of scattering field Bec
as follows

Bec,x = −j�0I

8�2

∫ ∞

−∞

∫ ∞

−∞
�e−k(z+zs) k�r − 	

k�r + 	
ej(�x+�y)C(�, �)d�d�, (13)

Bec,y = −j�0I

8�2

∫ ∞

−∞

∫ ∞

−∞
�e−k(z+zs) k�r − 	

k�r + 	
ej(�x+�y)C(�, �)d�d�, (14)

Bec,z = �0I

8�2

∫ ∞

−∞

∫ ∞

−∞
ke−k(z+zs) k�r − 	

k�r + 	
ej(�x+�y)C(�, �)d�d�. (15)

2.3. Impedance calculation of a thin-walled coil

A thin-walled coil can be recognized as the result of superim-
posing the filament coils in z-direction, so the EMF  Bthin−walled of a
thin-walled coil can be determined as following

Bthin−walled = 1
ı

∫
ı

Bdz = 1
ı

(∫
ı

Bsdzs +
∫
ı

Becdzs

)
. (16)

Due to the influence of eddy-current, the impedance Z of a coil
is given by

Z = Z0 + 
Z,  (17)

where Z0 represents incident field impedance and 
Z represents
scattered field impedance.

The impedance Z of a thin-walled coil with N -turns can be
determined by the magnetic flux  ̊ that passes throughout the coil,
namely

Z = Nd˚

Idt
= Njω

Iı

∫
ı

∫
S

Bthin−walledd�Sdz. (18)
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