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a b s t r a c t 

Based on multi-fractal detrended fluctuation analysis (MF-DFA) method, the extended self- 

similarity (ESS) is incorporated to develop a novel method to quantify multi-fractal char- 

acteristics. Detailed results show that compared with MF-DFA this new extended self- 

similarity based MF-DFA (ESS-MF-DFA) method can significantly extend scaling range and 

reduce uncertainties in estimating the exponents. Moreover, although ESS-MF-DFA method 

is developed from the DFA method with a fundamental assumption of a definite scal- 

ing range between fluctuation function and scale, ESS-MF-DFA can still work well even 

when DFA fails due to no scaling range between fluctuation function and scale. Further- 

more, a criterion without estimating the generalized Hurst exponents is developed based 

on ESS-MF-DFA to distinguish multi-fractal from mono-fractal behavior and to quantify 

multi-fractal strength. All these results indicate that ESS-MF-DFA outperforms MF-DFA in 

reliably handling multi-fractal quantifications for much wider fields. 

© 2018 Elsevier B.V. All rights reserved. 

1. Introduction 

Long-term persistence (or fractal behavior) is ubiquitous in real world, and is a significant feature in time series analysis. 

The time series from complex system exhibiting long-term persistence in nature, e.g. DNA sequences, can be characterized 

by a power law relation [1–3] . They may exhibit mono-fractal scaling behavior in spectral analysis with a single scaling 

exponent, which is the simplest case. Or, they may exhibit multi-fractal scaling behavior with different scaling exponents 

to depict the different scaling behaviors from variation of fluctuations [4] . This complicated character results in the well es- 

tablishment of multi-fractal theory, which has already been utilized in many fields, such as climatology, turbulence, finance, 

ecology, physiology, geophysics and many other fields. Multi-fractal theory makes profound impacts on studying nonlin- 

ear features and complex dynamical details in various physical phenomena [5] , and plays a fundamental role in signals 

identification and trend prediction [6–8] . In the progress of deeper understanding multi-fractal theory, what has caught 

our attention is that it is becoming much urgent to accurately differentiate multi-fractal from mono-fractal characteristic 

through reasonable quantitative criteria. 

Since the critical achievement of detrended fluctuation analysis (DFA) method by Peng et al. [2] , which could detect long- 

term persistence or (mono-) fractal scaling properties in time series, multi-fractal detrended fluctuation analysis (MF-DFA) 

method [4] is developed to identify multi-fractal behaviors based on DFA method. 
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Fig. 1. Scaling range of boundary layer wind speed defined in (a) MF-DFA. (b) ESS-MF-DFA. The gray dash lines denote the same position in (a) and (b). 

The variation of local Hurst exponent with scale derived from (c) MF-DFA. (d) ESS-MF-DFA. The different colors from blue to red correspond to H ( q ) of q 

from −3 to 3. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 

MF-DFA method is widely adopted to quantify multi-fractal properties in recent years [5–9] . For the time series with 

long-term persistence, there exists F q ( s ) ∼ s H ( q ) , where H ( q ) is the generalized Hurst exponent, F q ( s ) is q th-order fluctuation 

function, and s is the scale. For multi-fractal time series, H ( q ) is significantly dependent on q , and H ( q ) varies with q (Details 

of MF-DFA method can be seen at Methods section). If q is positive, H ( q ) describes the scaling behavior of large fluctua- 

tions, while H ( q ) with negative q describes the scaling behavior of small fluctuations. For mono-fractal time series, H ( q ) is 

independent of q [4] . Usually, proceeding a log computation obtains 

log 10 F q ( s ) ∼ H ( q ) log 10 s. (1) 

Then we can get H ( q ) through linear fitting directly within a scaling range, and �H q = max H q − min H q could give a 

simple quantification for multi- or mono- fractal strength with a finite range of q . In this article, we choose q ranging from 

−3 to 3, which ensures the ability to distinguish multi-fractal from mono-fractal behavior with limited data size [10] . 

However, limitations are clear for both DFA and MF-DFA method. Both of them require a definite scaling range to esti- 

mate the related scaling exponents. This scaling range, or called fitting region, is difficult to determine, because the scaling 

exponent is very sensitive to the selected range [9] . Subtle changes of the selected scaling range can cause a dramatic vari- 

ation on estimation of scaling exponent. More importantly, there is no objective criterion for the determination of scaling 

range in many studies [2,11] . Previous research has provided a criterion based on crossover time scales for the determination 

of optimal scaling ranges in DFA and MF-DFA [9] . However, this kind of criterion does not work well in all circumstances. 

For example, it fails for the case that the selected scaling range is very narrow, or even too narrower to define, just the case 

for wind records ( Fig. 1 a). So segmented fitting has been performed to the fluctuation function over large and small scales, 

respectively [12] . Moreover, the scaling exponent also could be estimated through fitting the fluctuation function directly 

[5] . Both of these cases may not be convincing. Thus, consistent results for quantifying the multi-fractal strength of time 

series could not be fulfilled using DFA and MF-DFA method. Accurate estimation of the multi-fractal strength is far more 

important for this circumstance. 

So the first problem in DFA or MF-DFA related studies is how to extend the scaling ranges if they do exist. Secondly, 

how to reduce the uncertainties of the estimated scaling exponents when a definite scaling range does exist? What’s more, 

if there is no scaling range in DFA or MF-DFA results, can MF-DFA still be employed with certain modification to quantify 

the multi-fractal strength? Can this modification provide a reasonable quantification to differentiate the multi-fractal from 

mono-fractal feature? Extended self-similarity (ESS) found in fluid turbulence may provide us the right solution in dealing 

with the problems above, since a scaling range can be extended strikingly wider [13] . Inspired by ESS, we can solve problems 

by creatively incorporating the ESS to MF-DFA to develop a novel method, extended self-similarity based MF-DFA (ESS-MF- 

DFA). Further details of ESS-MF-DFA method will be shown in the Method section. 

In this paper, contrast with the results of MF-DFA, we will show how ESS-MF-DFA can improve the quantification of 

multi-fractal strength. The advantages of ESS-MF-DFA to deal with the above problems will be introduced by conducting 
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