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Rotating annular disk has many practical applications, and its inner and outer edge boundary conditions must 

be selected to apply the rotating disk with different purpose. There are several potential inner and outer edge 

boundary conditions that can be selected for the rotating disk, but the corresponding dynamics characteristics 

become a problem that makes the disk work stably and efficiently. In this paper, 25 full combinations of edge 

boundary conditions are considered for the rotating flexible annular disk. Then their natural frequency, dynamic 

stability, critical and limit speeds, and steady state response amplitude under initial transversal runout are dis- 

cussed and compared systematically. This paper is meaningful and beneficial to select the most available and 

suitable scheme of edge boundary conditions in the rotating disk application. 

© 2018 Elsevier Ltd. All rights reserved. 

1. Introduction 

The rotating annular disk has many practical applications, such as 
general saw blades for material cutting and truncating, CD/DVD and 
hard disk drives for data storage, inner diameter saw blades for crystal 
slicing, and elastic connection disk for torque transmission. The inner 
and outer edge boundary conditions of rotating disk are selected to apply 
the rotating disk with different purpose. 

For general saw blades, CD/DVD and hard disk drives, and atom- 
izing disks, the rotating disk is fixed at its inner edge and free at its 
outer edge. Chonan [1] presented a simple arithmetic equation to de- 
terminate the critical speed of this kind of disk. It was proved that the 
natural vibration frequencies with one nodal diameter are under the 
restriction of the rotation frequency for the axisymmetric disk by Ren- 
shaw et al. [2] . D’Angelo and Mote [3] evaluated the prediction validity 
of the natural frequencies for the rotating disk with the inner boundary 
clamped by collars. Lee et al. [4] experimentally studied the critical and 
flutter speeds of ASMO and CD/DVD disks. In Koo [5] , it was indicated 
that the circumferentially-reinforced CD disks are more effective than 
the radially-reinforced CD disks to increase critical speed. Young and 
Lin [6] analyzed the elastic stability of a rotating flexible disk under 
a stationary oscillating unit. Ouyang [7] numerically studied the non- 
stationary vibration of the atomizing disks with the same inner and outer 
boundaries. Pei and Tan [8] presented the significance of the modal in- 
teractions in dynamic analysis of the rotating disk with a clamped inner 
boundary. Khorasany and Hutton [9] investigated the transverse linear 
vibration of a flexible annular disk rotating at a constant angular speed 
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and free to have rigid body transverse translation. For the functionally 
graded rotating disks, the transverse vibrations of isotropic linear elas- 
tic rotating solid disk (circular plate) was studied by Güven and Çelik 
[10] , and the in-plane stress analysis was carried out for a non-uniform 

thickness disk rotating at variable angular velocity by Zheng et al. [11] . 
With a circumferential open crack, Bahaloo et al. [12] investigated the 
transverse vibration and stability of a rotating annular disk under inner 
fixed and outer free edge boundary conditions. Oppositely, in the case 
of the inner diameter saw blades, the rotating disk is free at its inner 
edge and fixed at its outer edge. Jiang et al. [13,14] experimentally de- 
veloped an online system to monitor the vibration states of ID (inner 
diameter) blade slicer cutting a silicon ingot. Ishikawa et al. [15] pre- 
sented a technique to improve the ID blade slicing efficiency and accu- 
racy by utilizing the elliptical vibration. With considering the reaction 
of ingot and the negative air pressure between the blade and the ingot, 
Chonan et al. [16] analyzed the vibration stability of ID blade cutting 
a crystal ingot. For the elastic connection disk between the vehicle en- 
gine and the hydraulic torque converter, the rotating disk is fixed at 
both its inner and outer edges to transmit a torque. Wu [17] presented 
a numerical model on torsional vibration of an elastic connection disk. 
Maretic et al. [18] numerically investigated the impacts of torque and 
angular speed to transverse asymmetric vibration of the connection disk. 
He et al. [19] analyzed the vibration of a rotating elastic connection 
disk under the effects of small axial displacement and deflection angles 
due to machining and installation errors. Moreover, in Bauer and Eidel 
[20] , the transverse vibration and stability of rotating solid circular plate 
was investigated under 4 outer edge boundary conditions, but the solid 
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Nomenclature 

a disk outer radius 
a m,n initial runout amplitude 
A m,n steady state amplitude 
b disk inner radius 
diag diagonal matrix operator 
E Young’s modulus 
g m,n steady state amplitude ratio 
h disk plate thickness 
Im complex imaginary part operator 
I n modified Bessel function 
J n Bessel function 
K n modified Bessel function 
m mode nodal circle number 
M r radial transverse moment 
n mode nodal diameter number 
N r radial stress resultant 
N r 𝜃 shear stress resultant 
N 𝜃 circumferential stress resultant 
p Cr dimensionless lowest critical speed 
p Lm 

dimensionless lowest limit speed 
r radial coordinate 
R radial edge coordinate 
Re complex real part operator 
S Cr lowest critical speed 
S Lm 

lowest limit speed 
S r radial edge force 
T transmitted torque 
T R transmitted torque reference 
u r radial displacement 
u 𝜃 circumferential displacement 
w total transverse deflection 
�̃� initial transverse runout 
W n radial mode shape 
Y n Bessel function 
𝜁 dimensionless rotating speed 
𝜂 disk inner and outer radius ratio 
𝜃 circumferential coordinate 
v Poisson’s ratio 
𝜉 dimensionless natural frequency 
𝜌 mass density 
𝜏 dimensionless transmitted torque 
𝜔 n fundamental natural frequency 
𝜔 R fundamental frequency reference 
Ω rotating angular speed 
Ω𝑛 
𝐶𝑟 

critical speed of nodal diameter n 
Ω𝑛 
𝐿𝑚 

limit speed of nodal diameter n 
Type C stiff c lamped (fixed) boundary 
Type F completely f ree boundary 
Type P sli p clamped boundary 
Type R r olling supported boundary 
Type S simply s upported (rolling clamped) boundary 
Type X someone boundary of type C, F, P, R and S 
Constant normal upright ‘x ’
Matrix bold upright ‘x ’
Variable normal italic ‘x ’
Vector bold italic ‘x ’

circular plate cannot have the inner edge and corresponding boundary 
conditions as the rotating annular disk. 

In the view of practical mechanical structures, there are several po- 
tential inner and outer edge boundary conditions that can be applied 
in the rotating disk: stiff clamped (fixed), simply supported (rolling 

clamped), slip clamped, rolling supported, and completely free from 

the plate and shell theory [21–23] . However, the rotating disk dynam- 
ics characteristics corresponding to these potential boundary conditions 
have not been recognized and mastered systematically until now. It is a 
problem that how to select a proper edge boundary of rotating disk to 
make the disk work stably and efficiently. 

In this paper, 25 full combinations of edge boundary conditions are 
recognized and compared with each others, their natural frequency, dy- 
namic stability, critical and limit speeds, and steady state response am- 
plitude under initial transversal runout are investigated. This paper is 
very meaningful and beneficial to select the most available and suitable 
scheme of edge boundary conditions in the rotating disk application. 

2. Fundamental governing model 

An annular flexible disk with inner and outer radius b and a rotates at 
a constant angular speed Ω, and the disk thickness h is very small com- 
pared with its inner and outer radius. A small vibration of disk transverse 
deflection is considered in this paper. 

In a polar coordinate system ( r , 𝜃), the force-displacement relation- 
ships [21–23] are, 
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where E, v and 𝜌 are the Young’s modulus, Poisson’s ratio and mass 
density of the disk; u r and u 𝜃 are the radial and circumferential in-plane 
displacements of the middle plane; N r , N 𝜃 and N r 𝜃 are the in-plane stress 
resultants; M r and S r are the radial transverse moment and edge force 
[22] . 

And the equations of equilibrium [19,22] are 
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In the polar coordinate system ( r , 𝜃) fixed on the ground, the small 
transverse vibration governing equation of the flexible disk with an ini- 
tial unstressed transverse runout �̃� [19,24,25] can be established as 
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where w is the disk total deflection; ∇ 
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harmonic differential operator. 

3. Edge boundary assignment 

In mechanical engineering, there are five usual edge boundary con- 
ditions [21,23] in Fig. 1 at r = R with R = a or b for the rotating flexible 
annular disk, 
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