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Abstract In this paper, a Fourier spectral method is used to reduce the optimal boundary control

problem for a two-dimensional wave equation to a countable number of control problems for a

one-dimensional wave equation which are transformed to the optimal control problems with inte-

gral constraints using the Laplace transform. The numerical integration and differentiation meth-

ods are used to approximate the resulting problems with quadratic programming problems. An

illustrative numerical example is presented to indicate the efficiency of the proposed method.
� 2015 Faculty of Engineering, Ain Shams University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Let X be a bounded domain in Rm and T ¼ ð0; sÞ. Consider a
wave equation

uttðz; tÞ ¼ a2Duðz; tÞ; ðz; tÞ 2 X� T; ð1Þ
with the initial conditions

uðz; 0Þ ¼ fðzÞ; utðz; 0Þ ¼ hðzÞ; z 2 X; ð2Þ
and the boundary conditions

uðz; tÞ ¼ lðz; tÞ; ðz; tÞ 2 C� T; ð3Þ
where C is a nonempty open set of @X. If we impose an extra
boundary condition uðz; tÞ ¼ 0; ðz; tÞ 2 ð@X� CÞ � T, then the

existence and uniqueness of a solution for (1)–(3) is guaranteed
under certain assumptions on domain X and functions
fðzÞ; hðzÞ and lðz; tÞ [1]. For the description of the desired target
state, we add later on the following end conditions

uðz; sÞ ¼ gðzÞ; utðz; sÞ ¼ kðzÞ; z 2 X: ð4Þ
Here we assume that our control problem consists of find-

ing the control lðz; tÞ, which minimizes the following functional

JðlÞ ¼
Z s

0

Z
C
u2ðz; tÞdzdt: ð5Þ

The optimal control problems for wave equations have
wide applications in robotics, control of space constructions,

etc. This type of problems has been studied by many authors.
For example in [2] a multi-objective optimal control problem
for one-dimensional wave equations is transformed into a

multi-objective linear programming problem and a Pareto
optimal solution is derived using the simulated annealing
(SA) metaheuristic. The problem of minimizing a quadratic

functional on trajectories of the wave equation using the
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Fourier method is considered in [3] where the density of exter-
nal forces is considered as a control function. Optimal control
of the linear wave equation using the measure theoretical

approach has been studied in [4].
The spectral method has been used in computing control

problems [5,6]. Moreover, in recent years, this method has

been used to solve distributed optimal control problems
[3,7,8]. The spectral method enjoys a great superiority of fast
convergence rate when the solutions are smooth, which is vital

to successful approximation of optimal control problems. In
general, the solutions to the optimal control problems have
limited regularity due to, e.g., the constraints, and therefore
spectral accuracy generally cannot be achieved. Consequently,

the spectral method is not so widely used in solving con-
strained distributed optimal control problems [8]. According
to our knowledge, most problems solved by the spectral meth-

ods have homogenous boundary conditions, which would be a
restrictive assumption. While in this paper we use spectral
method to solve the Problem (1)–(5) with the boundary condi-

tion as the control function, which may be different from other
works in this sense.

The rest of the paper is organized as follows. In next Sec-

tion Problem (1)–(5) is reduced into a countable number of
problems for a one-dimensional problem. In Section 3, an
explicit solution is proposed to the resulting problems and a
sequence of optimal control problems is achieved using the

Laplace transform. Conversion of the optimal control prob-
lems to the quadratic programming problem is the subject of
Section 4. A numerical example is carried out in Section 5.

The last section is the conclusion.

2. The spectral method for two-dimensional problem

The fundamental idea behind spectral methods is to approxi-
mate solutions of PDEs by finite series of orthogonal functions
such as the complex exponentials, Chebyshev or Legendre

polynomials. For an easy understanding, we consider a
two-dimensional problem on rectangular domain X ¼ ð0; aÞ�
ð0; bÞ with C ¼ C1 [ C2, where C1 ¼ ½0; a� � f0g and

C2 ¼ ½0; a� � fbg. Let
ujy¼0 ¼ wðx; tÞ; ujy¼b ¼ vðx; tÞ: ð6Þ

An appropriate basis to approximate the solution of (1)–(4)
is the Fourier cosine Basis {cosðknxÞ} where, kn ¼ np

a
. We

expand the solution uðx; y; tÞ in the series with respect to this
basis:

uðx; y; tÞ ¼
X1
n¼0

unðy; tÞ cosðknxÞ: ð7Þ

Note that if we impose an extra boundary condition
uðz; tÞ ¼ 0; ðz; tÞ 2 ð@X� CÞ � T, then the sinus basis is appro-
priate. Because with this choice for basis, this additional con-

dition is satisfied, automatically.
Denote the sum of the first N+ 1 elements of (7) by

uNðx; y; tÞ. We now show the decay rate of the error increases

with the number N. If uðx; y; tÞ is such that we can substitute it
by its expansion series (7), the error in approximating u by uN
can be measured by the size of the tail of the above series, given

by eN ¼ jju� uN ¼j jj jP1
k¼Nþ1ukðy; tÞ cosðkkxÞjj: If uðx; y; tÞ is

infinitely differentiable with respect to x, then by using integra-

tion by parts we have, ukðy; tÞ ¼ �1ð Þm 2am�1

kmpm

R a

0
@mu
@xm

ðx; y; tÞ
cosðkkxÞdx;m ¼ 1; 2; . . .. This means that the decay of the spec-

tral coefficients is faster than any negative power of m, or that
eN ¼ Oðe�cmÞ, for some c > 0.

Assume that f; h; g; k;w; v 2 L2. Expand these functions in
series with respect to the cosine basis:

fðx; yÞ ¼
X1
n¼0

fnðyÞ cosðknxÞ;

wðx; tÞ ¼
X1
n¼0

wnðtÞ cosðknxÞ; . . . : ð8Þ

Inserting (7) and (8) in (1)–(4) and using the orthogonality
of the cosine basis, the two-dimensional wave Eqs. (1)–(4)

reduces to a one-dimensional wave equation

@2unðy; tÞ
@t2

¼ @2unðy; tÞ
@y2

� k2nunðy; tÞ; ð9Þ

with the initial conditions,

unðy; 0Þ ¼ fnðyÞ;
@unðy; 0Þ

@t
¼ hnðyÞ; ð10Þ

and the boundary conditions,

unð0; tÞ ¼ wnðtÞ; unðb; tÞ ¼ vnðtÞ; ð11Þ
and the end conditions,

unðy; sÞ ¼ gnðyÞ;
@unðy; sÞ

@t
¼ knðyÞ: ð12Þ

Obviously the Fourier coefficients of w and v, i.e., wnðtÞ and
vnðtÞ are control functions depending on time only. It is easy to
see that

wnð0Þ ¼ fnð0Þ; wnðsÞ ¼ gnð0Þ; vnð0Þ ¼ fnðbÞ; vnðsÞ ¼ gnðbÞ;

_vnð0Þ ¼ hnðbÞ; _vnðsÞ ¼ knðbÞ; _wnð0Þ ¼ hnð0Þ;
_wnðsÞ ¼ knð0Þ: ð13Þ

Moreover, the cost functional (5) takes the following form

Jn wn; vnð Þ ¼
Z s

0

fw2
nðtÞ þ v2nðtÞgdt: ð14Þ

Obviously, we have reduced the dimension of the problem
into a countable number of one-dimensional problems which
are typically easier to handle numerically. Laplace transforms

are useful in solving optimal control problems in linear dis-
tributed parameter systems [2,9]. An application of this tool
to solve Problem (9)–(14) is presented in next section.

3. Laplace transform and control problem

We now proceed to solve the PDE (9)–(12) applying the

Laplace transform with respect to t which yields,

�u00nðy; sÞ � s2 þ k2n
� �

�unðy; sÞ ¼ �shnðyÞ � fnðyÞ; ð15Þ

�unð0; sÞ ¼ �wnðsÞ; �un b; sð Þ ¼ �vnðsÞ; ð16Þ
where the Laplace transform of a function is denoted by a bar
placed over the symbol for the function. A solution to differ-
ential Eq. (15) with initial condition (16) is

�unðy; sÞ ¼ �wnðsÞ�zn b� y; sð Þ þ �vnðsÞ�znðy; sÞ þ �lnðy; sÞ; ð17Þ
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