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1. Introduction

In [1] and [2] we reported new stability results for the scalar equation describing a damped nonlinear
oscillator and in [3] we discussed the case of some coupled damped nonlinear oscillators. In the present
paper, we will study the stability of the null solution to a system of two 1-D coupled nonlinear oscillators,
one of which having lack of damping, as shown in Fig. 1.

We will first suppose that both blocks have the same mass, m (for the general case see Remark 3.3), and
the spring constants are ki (t), k2 (t), k3 (t), t € R4, where Ry := [0, +00). We associate with the above
physical application the following system of ODEs which describes the motion of the oscillators:

{i+ﬁ(t)x—7(t)y=0,
J+2f)g+dt)y—v@#)r+g(t,x,y) =0,

The functions 3, § : Ry — R represent the squares of the phases, depending on the mass and the spring
constants (8 (t) = L (k1 (t) + k2 (1)), 6 () = L (ko () + k3 (1)), VE € Ry ) and v : Ry = R, v (1) = Lo (t),

T m

Vvt € R, represents the coupling factor of the oscillators. The function f : Ry — R represents the damping

teRy. (1.1)
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Fig. 1. Two 1-D coupled nonlinear oscillators with partial lack of damping.

coefficient of the second oscillator that is driven by an external force represented by g : Ry x Rx R — R
and there is no external force acting on the first oscillator.

For extensive studies regarding the stability questions for a single 1-D damped nonlinear oscillator, we
refer the reader to [1,2,4-11] and the references therein and for fundamental concepts and results in stability
theory we refer the reader to [12-14].

2. General framework

The following hypotheses will be admitted:
(i) fe CH(Ry), f(t) >0,Vt € Ry, and there exist two constants h, K > 0 such that

[F/ (&) + f2 ()] < Kf (1), 9t € [h, +00);

(i) Jo ™ f (£) dt = +oo;

(iii) B, § € C* (R, ), B and § are decreasing,
ﬁ(t)250>07(5(t)250>0, VtERJr,

where 3y and dg are two constants, and
K
— < 1
Vo
(iv) y € C(Ry) and v () > 0, Vt € Ry;
(V) g=g(t,z,y) € C (Rt x R xR), g is locally Lipschitzian in z, y, and satisfies the following estimate

lg(t,z,y)l < fF@)o(lyl), VieRy,Ve,yeR,

where “0” denotes the usual Landau symbol for y — 0, i.e. limy_,o% = 0.

The following result will be used to prove Theorem 3.1 (see H. Brezis [15, Appendix]; see also [16, Lemma
2.1, p. 47)).

Lemma 2.1. Letty € R, ¢ € L' (tg,0) be a function such that ¢ > 0 a.e. on (tg,00), and p a real constant.
If we C([to,00)) fulfills the inequality

1 t
297 (0 < 307+ [ 6(9)w(s)ds, Ve € [to,00),
to

then the following inequality holds

lw (8)] < Ipl +/t 6 (s) ds, Vit € [ty, 00).
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