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h i g h l i g h t s

• We establish new properties of the accessibility percolation model on infinite trees.
• We suggest a martingale approach to study accessibility percolation on tree-like graphs.
• We state a connection between accessibility percolation and records.
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a b s t r a c t

We study the accessibility percolation model on infinite trees. The model is defined by
associating an absolute continuous random variable Xv to each vertex v of the tree. The
main question to be considered is the existence or not of an infinite path of nearest
neighbors v1, v2, v3 . . . such that Xv1 < Xv2 < Xv3 < · · · and which spans the entire
graph. The event defined by the existence of such path is called percolation.

We consider the case of the accessibility percolation model on a spherically symmetric
tree with growth function given by f (i) = ⌈(i + 1)α⌉, where α > 0 is a given constant.
We show that there is a percolation threshold at αc = 1 such that there is percolation
if α > 1 and there is absence of percolation if α ≤ 1. Moreover, we study the event of
percolation starting at any vertex, as well as the continuity of the percolation probability
function. Finally, we provide a comparison between this model with the well known Fα

record model. We also discuss a number of open problems concerning the accessibility
percolation model for further consideration in future research.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Many percolation models were inspired by physics and developed in order to answer questions of physical and
mathematical interest. This summarizes, roughly speaking, the beginning of a modern theory with interesting rigorous
results and a wide range of applications. The standard model of percolation appears as a mathematical model for the first
time in the work of Broadbent and Hammersley in 1957 — see [1]. The main purpose of that work was to study how random
properties of a porous medium influence the transport of a fluid through it. In order to accomplish it, a lattice is used to
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represent the medium, where vertices are associated to pores and bonds to channels, and a family of Bernoulli independent
and identically distributed random variables with parameter p is used to represent when a given channel is open or not to
the spread of a fluid. The first question to be considered is the existence or not of an infinite component of open channels
and how this event depends on p. The answer gives rise to a result known as phase transition behavior, which guarantees
that there exists a nontrivial critical value of the parameter p called pc such that if p is above pc the origin belongs to an
infinite connected component with positive probability. The reader can find more details about mathematical formulation
and main results for the standard percolation model and related spatial processes in [2–4].

The resulting mathematical theory was quickly developed and became one of the main branches of contemporary
probability. On the other hand, new percolation models appear in the literature as an alternative to understand issues
of biological and physical interest. Some instances are the AB percolation, invasion percolation, oriented percolation, and
continuum percolation models, among many others — for more references see [3,5]. As a theoretical tool, combined with
coupling techniques, percolation theory is also useful in the construction and analysis of stochastic processes [6–9].

The accessibility percolation model in trees was introduced in [10] inspired by questions from evolutionary biology. In
that work an n-tree is considered and a continuous random variable Xv is associated to each vertex v, independently of
everything else. One of the main questions in this model is whether there exists a path of nearest neighbors v1, v2, v3 . . .

such that

Xv1 < Xv2 < Xv3 < · · ·

with positive probability. This type of path is called accessible path. In [10] the authors derived an asymptotic result for the
probability of having at least one accessible path connecting the root with the kth-level of an n(k)-tree, with n(k) := α k,
and α some arbitrary positive constant. Thus, they proved the existence of a percolation threshold for this model as k → ∞.
Indeed, they showed that the probability of having at least one accessible path goes to zero for α < αc and converges to a
positive number for α > αc with 1/e ≤ αc ≤ 1. Later, this result was complemented in [11] where the authors showed that
this probability converges to 1 for α > 1/e. Recently, a related problem was analyzed in the hypercube in [12,13].

In this work we establish some properties of the accessibility percolation model on spherically symmetric trees. It is a
well known fact that the study of tree-indexed stochastic processes is of interest in understanding evolutionary biological
questions. An instance of such a process is obtained by considering a phylogenetic or evolutionary tree, with vertices
representing species and edges representing evolutionary relationships among them, and associating a (random) fitness
value to each individual. Our model may be seen as a simple stochastic model for evolutionary trees. Different levels of the
spherically symmetric tree represent different generations of species and the degree of each vertex represents the number
of offspring species which appear in fixed intervals of time. In this sense, the varying environment of the tree is translated
as a varying mutation rate. Related stochastic models for phylogenetic trees are proposed in [14,15]. In [15] the authors
propose a model which considers a birth and death component and a fitness component. Then, depending on the value of
the (constant) mutation rate, they obtain a phylogenetic tree consistent with an influenza tree and also with an HIV tree.

The paper is organized as follows. Section 2 gathers the formal notations and definitions of the model and states some
basic results. A discussion about the phase transition of the model is included in Section 3 and Section 4 is devoted to
a connection with the theory of records. Last section proposes a martingale approach to deal with this type of models.
Indeed, such approach constitutes an alternative to themethods previously used in the literature to analyze the accessibility
percolation model.

2. The model and basic results

2.1. Trees

We consider an infinite, locally finite, rooted tree T = (V, E). We denote the root of T by 0. Here V stands for the set of
vertices and E ⊂ {{u, v} : u, v ∈ V, u ̸= v} stands for the set of edges. If {u, v} ∈ E , we say that u and v are neighbors, which
is denoted by u ∼ v. The degree of a vertex v, denoted by d(v), is the number of its neighbors. A path in T is a finite sequence
v0, v1, . . . , vn of distinct vertices such that vi ∼ vi+1 for each i. Since T is a tree, there is a unique path connecting any pair
of distinct vertices u and v. Therefore wemay define the distance between them, which is denoted by d(u, v), as the number
of edges in such path. For each v ∈ V define |v| := d(0, v).

For u, v ∈ V , we say that u ≤ v if u is one of the vertices of the path connecting 0 and v; u < v if u ≤ v and u ̸= v. We
call v a descendant of u if u ≤ v and denote by T u

= {v ∈ V : u ≤ v} the set of descendants of u. On the other hand, v is said
to be a successor of u if u ≤ v and u ∼ v. For n ≥ 1, we denote by ∂Tn the set of vertices at distance n from the root. That is,
∂Tn = {v ∈ V : |v| = n}.

In this work we deal with spherically symmetric trees (SST) which are trees where the degree of any vertex depends only
on its distance from the root. In other words, d(0) = f (0) for any v ∈ V we have d(v) = f (|v|) + 1 where f := (f (i))i≥0 is
a given sequence of natural numbers. The function f is called the growth function of the tree. Such trees will be denoted by
Tf . We point out that there is no more information in Tf than that contained in the sequence (|∂Tn|)n≥1.
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