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1. Introduction

Electromagnetic phenomena are generally described by the
electric and magnetic fields £ and H which are related by the fol-
lowing Maxwell equations:

{—88[£+curlH:O )
UOrH +curlE=0

where ¢ and p are the complex-valued relative dielectric permittiv-
ity and the relative magnetic permeability, respectively. In the pres-
ence of an obstacle D, we are interested in particular Solutions of
the Maxwell’s equations assuming a time-harmonic regime:

E(x,t) = Re(E(x)exp(—imt))
{ H(x,t) = Re(H(x)exp(—iwt))

where E,H are two complex values and w denotes the angular fre-
quency. The time-harmonic Maxwell system is then written as
follows:

(2)

curlE —iopH=0 in R}\D
curlH +imeE=0 in R*\D
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The proposed idea to solve this problem is to limit the domain,
which is initially unbounded, by a fictitious boundary I, on which
we impose an absorbing boundary condition defined in terms of an
integral representation (RI) of the solution.

This concept was introduced by Lenoir and Jami in hydrody-
namics in 1978 [1], then in 1996 by Lenoir and Hazard for the Max-
well’s equations by using nodal finite elements [2]. Liu and Jin
presented a very interesting results in 3D by proposing an iterative
algorithm which was then interpreted as a Schwartz technique
with total recovery by Ben Belgacem et al. in [3]. El Bouajaji and
Lanteri have used in [4] a discontinuous Galerkin methods to solve
the two-dimensional time-harmonic Maxwell’s equations. This
work was extended to solve the three-dimensional time-
harmonic Maxwell’s equations in [5,6].

Our objective in this paper is to study and implement the cou-
pling between a DG method an integral representation of the solu-
tion imposed through a Silver-Miiller absorbing boundary
condition. It is an extension of the work in the two-dimensional
case by El Bouajaji et al. [7] (see Fig. 1).

Q is the limited domain by I';, the boundary of the obstacle D
and the fictitious boundary denoted I',.

On Iy, we take the perfect conductor condition.
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Fig. 1. Diffraction of an electromagnetic wave in the presence of an obstacle D.

2. Formulation of the problem

Find E,H € H(curl, ;) such as:

iweE —curlH=0 in R
iwpuH 4 curlE=0 in R3
nAE=—naE™ on I'ny

nANE-Z-nAn(nAH)=nARE)-Z-nA(nARH)) on T,

where

e o is the angular frequency of the problem,

e 11 is a normal vector to the boundary I,

e Z=1/1/¢,

e R(E) and R(E) are the expression of the electric and magnetic
fields E and H, respectively, on I',. They are given by the follow-
ing integral representation [13]:

R(E) =curl, [ n(y) NE(y)G(x,y)00,

I'm

— (1/iop)curlycurl, [ n(y) AHY)G(x,y)00,

I'm

R(H) = curlx/r n(y) AH{y)G(x,y)da,

+ (1/iwe)curleurl, | n(y) AE(Y)G(x,y)00y

I'm

o G(x,y) = e"g;é";"i}‘y", x #y, is the fundamental solution of the

Helmholtz equation.
We denote by (e;,e;,e3) the canonical basis of R?. For simplic-

ity, we denote by W the vector {IFI]
Let G, for | € {1,2,3}, be the matrix defined as follows:

03,3 N,
Gl = |:I:It3 0 , :|
e 3x3

where for a vector v =
U3 (%) -1 0

Therefore, system (3) can be rewritten in the following conser-
vative form:

lO)QW + G1O\W + Gzﬁyw +G3o,W=0 on Q

(My,, —Gp) - (W+W™) =0 in Iy 4)
(Mr, — Gp) - (W -R(W)) =0 in I,

2 0 U3 -0
v |, Nv = | —-U3 0 (41 .

where

e Gy = Gy + Gyny + Gsns,

_ | R(E) _ eIz 0Oss _ {033 Ny
QER(W)_LR(H)},Q—{OMB H'h} anerm—{_N; 03)(3}.

o Mr, = |Gi| =G, —G,.!
3. Discretization
We decompose the domain @, into N tetrahedral cells K, we

denote by 7, the set of these elements. We are looking an approx-

imate solution W, = {f]"‘ } in V, x V;, where:
h

Vi={We [LZ(Q)]3/W\K € P,(K)} defined a functional space

where, over an element K, P,(K) denotes the space of vectors with
components polynomial of degree at most p.
Also we note:

= (JKnk, rm=|JKnry and = {JKnr,

~ K K
K.Kety € €

Multiplying the first equation in (4) by V € V, x V}, and inte-
grating over Q;, we get that W, solves

/ (inw,,)f.de+/ (V-F(W),)"-Vdx=0 (5)
Q

@

where F(W) = (F{(W), F,(W), F3(W)) is a linear mapping from R® to
R® x R® x R®, such: F{(W) = GW; F,(W) = G,W,; F3(W) = GsW.
Using Green formula we obtain:

/ (iwQW,)! - Vx
2

B KZ ( /K (F(W),)" - VVdx + /) (FW), ) -Vaa)

-0 (6)

Using the same techniques adopted by Ern and Guermond [8,9],
by summing over elements, we obtain the following formulation:
VvV € Vy, x Vi, K an element of 7,:

Find W, eV, xV,
/Q h (i0QW,) Vdx — 3 /K (FW)),)' - VVdx

Kety

such as:

£y / [(Se - TWAD)'T - V] = (G, - [WaD) - {(V}] 06

Fer®

>

Fer®

+/F <% (MEx —IFKGnF)m(W))t‘_/aG]

1 t_
/ (5 (Mpk fIFKGnF)Wh) Voo
F

1 -
+ Z/F (i (Mrx _IFKGnF)Wh) Voo

Fer™

1 inc\ o
-y / (i (MF,K_IFKGHF)W;“) Voo
Ferm /F

where R(W) = [.K(x,y)W(y)do,. We also define the jump and
average of a vector V to V, x V,, on one face F shared between
two elements K and K, respectively, as follows:

T If PAP~! is the natural factorization of G, then G = PA*P~! where A* (resp. A7)
includes only positive eigenvalues (resp. negative).
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