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Abstract The principal object of this paper is to present a natural further step toward the

mathematical properties and presentations concerning the two variable Laguerre matrix

polynomials defined in (Bin-Saad, Maged G., Antar, A. Al-Sayaad, 2015. Study of two variable

Laguerre polynomials via symbolic operational images. Asian J. of math. and comput. research,

2(1), 42–50). Series expansions, integral transforms and bilinear and bilateral generating matrix

functions for these polynomials are established. Some particular cases and consequences of our

main results are also considered.
� 2016 University of Bahrain. Publishing services by Elsevier B.V. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

The subject of Laguerre polynomials has gained importance
during the last two decades mainly due to its applications in
various fields of mathematical physics, such as the solving of

delay differential equations (Suayip et al., 2014), pantograph-
type Volterra integro-differential equations (Suayip, 2014)
and fractional differential equations (Bhrawy and Alghamdi,

2012; Bhrawy et al., 2014a,b; Bhrawy et al., 2015b,c). Numer-
ous other works dealing also with the use of Laguerre polyno-
mials and matrices include those by Ahmadian et al. (2015) in
the theory of Tau method for numerical solution of fuzzy frac-

tional kinetic model, by Bhrawy and Taha (2012) and Bhrawy
et al. (2015a) in the theory of operational matrix of fractional
integration of Laguerre polynomials and generalized Laguerr

e–Gauss–Radau schema for first order hyperbolic equation
on semi-finite domain (Abdelkawy and Taha, 2012) and so
on (see also Bin-Saad and Antar (2015)). Further, matrix

polynomials seen in the study of many area such as statistics,

Lie group theory and number theory are well known.
Recently, the matrix versions of the classical families orthogo-
nal polynomials such as Laguerre, Jacobi, Hermite, Gegen-
bauer, Bessel and Humbert polynomials and some other

polynomials were introduced by many authors for matrices

in CN�N and various properties satisfied by them were given

from the scalar case, see for example (Aktas et al., 2013;
Aktas et al., 2011; Altin and Cekim, 2012a,b, 2013; Bin-Saad
and Antar, 2015; Cekim and Erkus-Duman, 2014; Jódar and

Cortés, 1998a,b; Jódar and Company, 1996; Jódar et al.,
1995; Pathan et al., 2014; Bayram and Altin, 2015).

If A0; A1; . . . ;An . . . , are elements of CN�N and An – 0,
then we call

PðxÞ ¼ Anx
n þ An�1x

n�1 þ An�2x
n�2 þ � � � þ A1xþ A0;

a matrix polynomial of degree n in x. If Aþ nI is invertible for
every integer n P 0 then.

ðAÞn ¼ AðAþ IÞðAþ 2IÞ � � � ðAþ ðn� 1ÞIÞ; n P 1; ðAÞ0 ¼ I:
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In Bin-Saad and Antar (2015), it is shown that an appropri-
ate combination of methods, relevant to operational calculus
and to matrix polynomials, can be a very useful tool to estab-

lish and treat a new class of two variable Laguerre matrix poly-
nomials in the following form

LðA;kÞ
n;m ðx; yÞ ¼

Xn
s¼0

Xm
k¼0

ð�1ÞsþkðkxÞsðkyÞk
s!k!ðn� sÞ!ðm� kÞ! ðAþ IÞnþm

� ½ðAþ IÞsþk��1
; fn;mg P 0; ð1:2Þ

where A be a matrix in CN�N where ð�aÞ is not an eigenvalue

of A for every integer a > 0 and k be a complex number whose
real part is positive. The authors in Bin-Saad and Antar (2015)
explored the formal properties of the operational identities to
derive a number of properties of the new class two variable

Laguerre matrix polynomials (1.2) and discussed the links with
various known polynomials. The generating relation for the

matrix function LðA;kÞ
n;m ðx; yÞ, is given by the following formula

(Bin-Saad and Antar, 2015):

½ð1� u� vÞ�ðAþIÞ
exp

�kðxuþ yvÞ
1� u� v

� �

¼
X1
n;m¼0

LðA;kÞ
n;m ðx; yÞunvm; ð1:3Þ

where fu; v; x; yg 2 C and juþ vj < 1.
By setting m ¼ y ¼ 0 in (1.2), Eq. (1.2) immediately yields

the following Laguerre matrix polynomials due to Jódar and
Cortés (1998a,b):

LðA;kÞ
n ðxÞ ¼

Xn
s¼0

ð�1Þs
s!ðn� sÞ! ðAþ IÞn½ðAþ IÞs��1ðkxÞs; k P 0:

ð1:4Þ
For the purpose of this work, we recall here same

definitions.

Definition 1.1. Let A be a positive stable matrix in CN�N, then
Gamma matrix function is defined by (Jódar and Cortés,

1998a,b)

CðAÞ ¼
Z 1

0

e�1tA�Idt: ð1:5Þ

Definition 1.2. Let A, B and Aþ B be a positive stable matrix

in CN�N and AB ¼ BA, then Beta matrix function is defined by
(Jódar and Cortés, 1998a,b)

bðA;BÞ ¼ CðAÞC�1ðBÞCðAþ BÞ ¼
Z 1

0

tA�Ið1� tÞB�I
dt: ð1:6Þ

Lemma 1.1. For matrix Aðk; nÞ in CN�N where n P 0; k P 0 ,

we have (see Srivastava and Manocha (1984)):

X1
n¼0

X1
k¼0

Aðn; kÞ ¼
X1
n¼0

Xn
k¼0

Aðn; n� kÞ; ð1:7Þ

and

X1
n¼0

Xn
k¼0

Aðn; kÞ ¼
X1
n¼0

X1
k¼0

Aðn; nþ kÞ: ð1:8Þ

Motivated by the important role of the Laguerre matrix

polynomials in several diverse fields of physics and the contri-
butions in Bayram and Altin (2013) and Jódar et al. (1994)
toward the generalization of the Laguerre polynomials, this

work aims at investigating several properties for the two vari-

able Laguerre matrix polynomials LðA;kÞ
n;m ðx; yÞ. We establish

some projection series, integral transforms and bilinear and
bilateral generating matrix functions. Many earlier (known)
results given by Bayram and Altin (2013) are shown to be spe-

cial cases of our results.

2. Finite and infinite sums

Theorem 2.1. Let A and B be matrices in CN�N satisfying

spectral condition ð�aÞ is not an eigenvalue of A for every
integer a > 0; ð�bÞ is not an eigenvalue of B for every integer
b > 0; AB ¼ BA; RðkÞ > 0 and n P 0; m P 0. Then

Xn
s¼0

Xm
k¼0

ðAþ BÞnþm�s�k

ðn� sÞ!ðm� kÞ!L
ðB;kÞ
s;k ðx; yÞ ¼ LðA;kÞ

n;m ðx; yÞ: ð2:1Þ

Proof. Using (1.8), we can write

X1
n;m¼0

Xn
s¼0

Xm
k¼0

ðAþ BÞnþm�s�k

ðn� sÞ!ðm� kÞ!L
ðB;kÞ
s;k ðx; yÞunvm

¼
Xm

n;m;s;k¼0

ðAþ BÞnþm

n!m!
L

ðB;kÞ
s;k ðx; yÞunþsvmþk;

which on using the multinomial formula

ð1� x� yÞ�k ¼
X1
n;m¼0

ðkÞnþmx
nym

n!m!
;

gives us

X1
n;m¼0

Xn
s¼0

Xm
k¼0

ðAþ BÞnþm�s�k

ðn� sÞ!ðm� kÞ!L
ðB;kÞ
s;k ðx; yÞunvm

¼ ð1� u� vÞ�ðA�BÞX1
s;k¼0

L
ðB;kÞ
s;k ðx; yÞusvk: ð2:2Þ

Now, employing (1.3) in (2.2) and comparing the coefficients
of unvm in the resulting expression, we get the desired
result. h

Theorem 2.2. Let A be matrix in CN�N satisfying spectral con-
dition ð�aÞ is not an eigenvalue of A for every integer

a > 0; RðkÞ > 0; jzj; jwjf g < 1 n P 0; m P 0. Then

Xn
s¼0

Xm
k¼0

ðAþ ðsþ kþ 1ÞIÞnþm�s�kð1� zÞnð1� wÞm
ðn� sÞ!ðm� kÞ! L

ðA;kÞ
s;k ðx; yÞ

z

1� z

� �s w

1� w

� �k
¼ LðA;kÞ

n;m ðxz; ywÞ; ð2:3Þ

Proof. According to formula (1.8), we can write
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