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In this study, a mathematical model of a tri-stable energy harvester is developed and used to
investigate its formation mechanisms for multi-stability states, nonlinear dynamic behaviors,
and power generation performance. Bifurcation analyses for the equilibrium solution of the
derived model system are performed. It is shown that the present energy harvester system can
exhibit multi-stable (mono-, bi-, and tri-stable) behaviors depending on the two geometric param-
eters associated with the locations of the tip and external magnets. It is also found that the tri-
stability is initiated by a new pitchfork bifurcation or a degenerate pitchfork bifurcation that
leads to a pair of saddle-node bifurcations. Bifurcation set diagram is obtained in the parametric
space of these two geometric parameters, which can be used to design the potential wells of the
multi-stable energy harvesters. Potential energy diagrams are also obtained and they show that
the distance between the outer potential energy wells for the tri-stable state is formed in a way
that it is larger than that for the equivalent bi-stable state. A series of numerical simulations
performed on the present systemwell illustrates the high output power generation characteristics
of the tri-stable energy harvester over a broad operating frequency band.
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1. Introduction

An energy harvester is, in general, an electromechanical device with which a variety of ambient energies, usually unused and dis-
posed, are harvested, and then converted and stored in a capacitor or a rechargeable battery in the form of electrochemical energy.
Recently, such an energy harvester has been developed and become a key element for satisfying the strong demand for a means to
supply power to small electronic deviceswithout external electric sources or internal batteries. This is because the use of batteries nat-
urally entails several shortcomings such as short lifetime, contribution to environmental damage, and a requirement of frequent
maintenance. In realizing such self-powered electronic systems, they can be made through mass production and installed on a
large scale. Furthermore, these systems are better for use in dangerous locations because they are virtually maintenance-free after
their deployment (that is, they are “deploy and forget” [1]). Furthermore, the energy harvesters can be a good alternative for elimi-
nating or reducing the needs for batteries in self-powered systems. Nowadays, the energy harvesting techniques are widely used
for various applications including ubiquitous sensor networks, wireless sensor nodes or transmitters, and intelligent RFID platforms
[1]. The rapid increase of current interest in such application fields has driven an intense demand for the development of high-
efficiency energy harvesting techniques that can extract energy from various external sources effectively.

For the last two decades, a number of studies have been performed onmethods for effectively harvesting energy from a variety of
external sources (vibration, light, heat, sound, etc.). Among these energy sources, vibration energy is at the focal point of the attention
of many researchers because it exists almost everywhere, and is easily convertible to electric energy. Therefore, an energy harvester
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that extracts vibration energy can provide a convenient, useful, and efficient means to supply power to a small electronic device open
to the vibratory environment [1–3].Most of thefirst generation of vibration-energy harvesterswere based on some form of linear res-
onator and used their resonant characteristics of a strong resonant peak, albeit with a very narrow bandwidth. These linear energy
harvesting resonators can exhibit a satisfactory performance with a large vibration amplitude only when the excitation frequency
and the system's natural frequency are synchronized (i.e., when a resonance occurs). One of themost substantial and inevitable prob-
lems of such a linear energy harvester is the fact that its energy harvesting efficiency becomes significantly lowered in the off-resonant
frequency region. To overcome such a deficit in efficiency, various active tunable energy harvesters, equippedwith several frequency
tuning techniques, have been proposed [4–6]. However, such an active system naturally possesses kinematical and dynamical con-
straints due to the complexity in its structure. More importantly, it fails to sufficiently improve the energy harvesting efficiency [3].

Another alternative for improving the efficiency is to use the resonant characteristics of a nonlinear oscillator such as the stiffness
softening or hardening effect, with which the effective resonant frequency band can be widened [7–9]. In general, the primary
resonant peak of a linear system is formed with a narrow bandwidth, but that of a nonlinear system can be made with a relatively
wider bandwidth, albeit accompanying a hysteretic phenomenon that has a dependency on the sweep direction of the excitation
frequency. Accordingly, building a nonlinear vibration-energy harvester with the increased available resonant frequency bandwidth
may be a good way to improve the energy harvesting efficiency of a linear system.

Recently, a bi-stable energy harvester has been proposed as an efficient vibration harvester that can extract the vibration energy
over a wide frequency band [10]. A beam-type bi-stable energy harvester (known as the post-buckled beam) can be realized by im-
posing an axial force on the beam tip using a magnetic [11] or mechanical [12] force. Such a post-buckled cantilever energy harvester
can be simplified into a lumped parameter model with negative stiffness, i.e., a forced Duffing equation [9]. Actually, a forced Duffing
equation with a negative stiffness is often inaccurate in the exact prediction of the dynamics of bi-stable energy harvesters but it is
useful to theoretically explain their fundamental dynamic characteristics.With this equation, it is found that the bi-stable system pos-
sesses a potential energy function with symmetric double wells; therefore, the system is basically unstable at its central equilibrium
point. When the excitation force exerted on the base of the system exceeds a critical value, the system's kinetic energy becomes large
enough to cross over the two potential energywells, resulting in the generation of interwell motion with a large amplitude. Although
the initiation of such interwell motion is known to help the system to harvest vibration energy over a wide frequency range [11], the
interwell motion is also known to be highly sensitive to the excitation force strength [12].

To investigate the dynamic characteristics and related energy harvesting performance of the bi-stable energy harvesters, many
theoretical and experimental studies have been conducted [11–22]. Cottone et al. [11] illustrated that the power generated by a
bi-stable energy harvester with a band-limited noise excitation can be improved up to 400%–600% in comparison with a linear
resonator under a similar situation. Ferrari et al. [14] evaluated the broadband energy harvesting characteristics of a bi-stable energy
harvester that used themagnetic repulsion force underwhite-noise excitation. Also, they proposed the possibility ofminiaturizing the
bi-stable energy harvester by fabricating a MEMS U-shaped cantilever-beam harvester. Stanton et al. [15] studied, both theoretically
and experimentally, the nonlinear response characteristics of a bi-stable oscillator under swept sine excitations, and evaluated the
resulting energy harvesting performances. On the other hand,Mann et al. [12] proposed a bi-stable electromagnetic-induction energy
generator that used a non-contact magnetic repulsion force, and they evaluated its displacement response and generated power
under chirp excitations.

The above-mentioned energy harvesters basically use themagnetic repulsion effect between two permanentmagnets. In contrast,
studies on the bi-stable energy harvesters that use the magnetic attraction effect are also underway. Ferrari et al. [16] proposed a
single-magnet bi-stable harvester composed of a ferromagnetic cantilever beam, and showed that the effective voltage generated
by its interwell motion can reach up to four times higher than the equivalent linear harvester. Erturk and Inman [17] investigated,
both theoretically and experimentally, the high-energy orbit of a bimorph energy harvester composed of a bi-stable cantilever
structure, known as the Moon beam [18]. Later, Erturk et al. [19] demonstrated that the working frequency band of the bi-stable
energy harvester can be extended by adjusting the position angle of the source magnet. In addition, the bi-stable energy harvesters
that use themechanically buckled beamor plate are also being studied [12,20–22]. It is known that such amechanical bi-stable energy
harvester has the advantages of simple structure and high output power density.

In this study, a series ofmathematicalmodelings and numerical simulations is performed in order to investigate the dynamic char-
acteristics of a tri-stable bimorph cantilever energy harvester and its energy harvesting performance. The tri-stability of this system
can be realized through the repulsion force acting on the permanent magnet located at the tip of the cantilever beam due to
the two external magnets facing the tip magnet with the same polarity. Unlike the bi-stable energy harvester mentioned above,
the interwell width of the present tri-stable system can be controlled to a certain degree by changing the gap distance between
the two external magnets. Although such a tri-stability was used for signal amplification/filtering purposes [23], a tri-stable energy
harvester has not been reported thus far.

The present study proposes a new type of a tri-stable energy harvester in search of an energy harvester with an enhanced energy
harvesting performance compared to existing bi-stable energy harvesters. The conventional bi-stable energy harvesters were well-
known to generate electric power in a broad frequency band using large-amplitude interwell motions at the expense of ambient ex-
citation strength that is greater than the threshold value necessary to induce the potential well escape phenomenon [2]. The proposed
tri-stable system can have shallower and wider potential wells than the bi-stable energy harvester that enable it to harvest electric
energy in a broader frequency band, even under a weaker ambient excitation. Therefore, the present tri-stable system can be a
promising alternative thatmitigates the limitations of the existing bi-stable energy harvester and improves the energy harvestingper-
formance. Themain objective of the present study is to theoretically investigate and providemore physical insight into the underlying
of nonlinear characteristics and potential merits of such a tri-stable energy harvester.
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