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a b s t r a c t

An analytical solution of the fractional model of the stiff point kinetics equations with multi-group of
delayed neutrons is presented during a start-up of a nuclear reactor. The reactor start-up is a process
of reactivity insertion which is mainly carried out by lifting control rods discontinuously. The inserting
reactivity is a linear through the reactor start-up time and a constant after that. The analytical solution
is based on the prompt jump approximation during a reactor start-up time and Laplace transformmethod
otherwise that time. The response of neutron density is calculated for the ordinary and fractional models
of the point kinetics equations with six groups of delayed neutrons. The results of neutron density for dif-
ferent fractional orders are performed and compared with the results of ordinary model. The comparison
shows that the proposed analytical solution agrees well with the Zhang analytical method for the ordi-
nary model with average one group of delayed neutrons. This agreement is decreasing in the case of
six groups of delayed neutrons. In addition, the relations of the neutron density with the speed of lifting
control rods and the fractional order are discussed.

� 2016 Elsevier Ltd. All rights reserved.

1. Introduction

The new or reloaded reactor start-up requires special careful
attention to problem of the control rods. The motion of the control
rods into the nuclear reactor is related to reactor reactivity which is
one of the important parameters. Inserting reactivity is mainly car-
ried out by lifting control rods. The control rods are usually with-
drawn in a discontinuous way during the start-up process of
reactor. This process is equivalent to inserting reactivity linearly
in a short period of time. It is very important to find out the rela-
tion between the speed of lifting control rods and the neutron den-
sity. In addition, When a pressurized-water reactor starts up in the
cold state, temperature feedback is very small because of its lower
system temperature and as a result the measurement system will
not be sensitive enough. For this reason, Zhang et al. (2008) and
Palma et al. (2009) developed analytical solutions of the point
kinetics equations for the calculation of neutron density response
during the cold start-up. Zhang et al. (2009) presented the dynamic
simulation of cold start-up of a small pressurized-water reactor
based on two-group point reactor model. Li et al. (2010) presented
a new formula of neutron multiplication during start-up of
pressurized-water reactor. Polo-Labarrios and Espinosa-Paredes
(2012a,b) presented a numerical analysis of start-up pressurized-

water reactor (PWR) with fractional neutron point kinetics equa-
tions. Seidi et al. (2014) generalized the analytical solution of neu-
tron point kinetics equations with time-dependent external source.
In addition, during delayed supercritical process and temperature
feedback, the analytical approximation solutions of point reactor
kinetics equations with average one group of delayed neutrons
were presented by Chen et al. (2006, 2007, 2013), Li et al. (2007),
Li et al. (2010), Nahla (2008) and Nahla and Zayed (2010). The bet-
ter basis function (Li et al., 2009) and explicit appropriate basis
function (Chen et al., 2015) were used to solve the stiff point kinet-
ics equations with multi-group of delayed neutrons.

The ordinary point reactor kinetics equations with average one
group of delayed neutrons take the following form Duderstadt and
Hamilton (1976) and Stacey (2007)

dNðtÞ
dt

¼ qðtÞ � b
l

� �
NðtÞ þ kCðtÞ þ q; ð1Þ

dCðtÞ
dt

¼ b
l
NðtÞ � kCðtÞ ð2Þ

qðtÞ ¼ qs þ rt; 0 6 t < t0;

qs þ rt0; t P t0:

�
ð3Þ

where, NðtÞ is the neutron density, t is the time, qðtÞ is the reactiv-
ity, CðtÞ is the precursor concentrations of average one group of
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delayed neutrons, b ¼ PI
i¼1bi is the total fraction of delayed neu-

trons, bi is the fraction of i-group of delayed neutrons, k ¼ bPI

i¼1
bi=ki

is the decay constant of average one group of delayed neutrons, ki
is the decay constant of i-group of delayed neutrons, l is the prompt
neutron generation time, I is the total number of delayed neutron
groups, q is the external neutron source, qs is the sub-critical reac-
tivity, r is the speed of lifting control rods and t0 is the duration of
each lifting control rods.

Zhang et al. (2008) used the prompt jump approximation and

neglected the term l d
2NðtÞ
dt2

. Using these assumptions, the analytical

solution of the ordinary point reactor kinetics equations with aver-
age one group of delayed neutrons were presented as follows:

NðtÞ ¼

bN0þl q
b�qs�rt ; 0 6 t < t0;

bN0þl q
b�qs�rt0

exp kðqsþrt0Þ
b�qs�rt0

ðt � t0Þ
� �

� l q
qsþrt0

1� exp kðqsþrt0Þ
b�qs�rt0

ðt � t0Þ
� �h i

; t P t0:

8>>>><
>>>>:

In this work, we aim to present an analytical solution of the
fractional point kinetics equations with multi-group of delayed
neutrons during the start-up of a nuclear reactor, which is repre-
senting the generalization of the above stiff model. This fractional
model with a fractional order / can be written as (Ray and Patra,
2014)

Da
t NðtÞ ¼

qðtÞ � b
l

� �
NðtÞ þ

XI

i¼1

kiCiðtÞ þ q; ð4Þ

Da
t CiðtÞ ¼ bi

l
NðtÞ � kiCiðtÞ; i ¼ 1;2; . . . ; I: ð5Þ

The analytical solution of this fractional model during a
start-up process of a pressurized-water reactor is based on
the prompt jump approximation, Laplace transform, the eigen-
values and corresponding eigenvectors of the coefficient matrix
of this system.

This work is organized as follows: The basic definitions of the
fractional calculus are introduced in Section 2. The analytical solu-
tions of the matrix form of fractional point kinetics equations dur-
ing and after the withdraw of the control rods are presented in
Section 3. The numerical results of the analytical method are dis-
cussed in Section 4. The conclusion with a brief summary of the
main findings is reported in Section 5.

2. Fractional calculus

The fractional calculus involves different definitions of the frac-
tional operator as well as the Grünwald-Letnikov derivative, Rie-
mann–Liouville integral and Caputo derivative. Let us introduce
the definitions of the fractional operators as:

Definition 1 (Podlubny, 1999; Ray and Patra, 2014). The Grünwald-
Letnikov fractional derivative of order a is defined as follows

GLDa
t f ðtÞ ¼ lim

h!0

Xn
j¼0

ð�1Þ j a
j

� �
f ðt � jhÞ ð6Þ

where a is the order of the derivative, h is the time step size, and
n ¼ t

h is the number of time intervals.
Lubich proposed a second order numerical method for the

fractional derivative of order a

GLDa
t f ðtÞ � h�aXn

j¼0

Xa
j f ðt � jhÞ ð7Þ

where, Xj
0 ¼ 1 and Xa

j ¼ 1� aþ1
j

� �
Xa

j�1; j ¼ 1;2; . . ..

Definition 2 (Podlubny, 1999; Ray and Patra, 2014). The Riemann–
Liouville fractional integral operator of order aP 0 of a function
f ðtÞ is defined as

Iat f ðtÞ ¼
1

CðaÞ
Z t

0

f ðnÞ
ðt � nÞa�1 dn; a > 0 ð8Þ

where, CðaÞ is the gamma function whose argument is ðaÞ.
According to the Riemann–Liouville definition, we get

Iat t
m ¼ Cðmþ 1Þ

Cðmþ aþ 1Þ t
mþa ð9Þ

Definition 3 (Caputo, 1969). The fractional derivative of function
f ðtÞ in the Caputo sense is defined as

Da
t f ðtÞ ¼ 1

Cðm�aÞ
R t
0 ðt � nÞm�a�1f ðmÞðnÞdn;

m� 1 < a < m; m 2 N; t > 0:
ð10Þ

where f ðmÞðnÞ ¼ @mf ðnÞ
@nm

Based on the Caputo definition, the following result is obtained

Da
t t

m ¼
Cðmþ1Þ

Cðmþ1�aÞ t
m�a; m 2 N;

0; m ¼ 0:

(
ð11Þ

For the Riemann–Liouvill fractional integral and Caputo frac-
tional derivative (Podlubny, 1999), we get

Iat D
a
t f ðtÞ ¼ f ðtÞ �

Xm�1

r¼0

f ðrÞð0þÞ t
r

r!
; m� 1 < a 6 m: ð12Þ

3. Analytical solution of the fractional model

To reach the analytical solution of the stiff fractional point
kinetics equations, we divide the problem time to two intervals:
through the control rods withdraw 0 6 t < t0 and after that
t P t0. The time of lifting control rods t0 is short which is the aver-
age of half life time for the precursor delayed neutrons i.e. t0 6 ln 2

k .
This means that, during lifting control rods, the precursor concen-
tration of delayed neutrons are constants and equal its initial val-
ues (Zhang et al., 2008)

CiðtÞ ¼ Cið0Þ ¼ N0bi

lki
; 0 6 t < t0 ð13Þ

Substituting Eq. (13) into Eq. (4), gives

Da
t NðtÞ ¼

qs þ r t � b
l

NðtÞ þ N0bþ l q
l

; 0 6 t < t0 ð14Þ

Multiplying both sides by l, yields

l Da
t NðtÞ ¼ ðqs þ r t � bÞNðtÞ þ N0bþ l q; 0 6 t < t0 ð15Þ
Using the prompt jump approximation, left hand side is very

small comparing with the right hand side i.e. l Da
t NðtÞ ! 0, then

we have

NðtÞ ¼ N0bþ l q
b� qs � r t

; 0 6 t < t0 ð16Þ

After lifting control rods, the reactivity becomes a constant and
the Eqs. (4) and (5) can be rewritten in matrix form as

Da
t jWðtÞi ¼ AjWðtÞi þ jQ i; t P t0: ð17Þ
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