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a b s t r a c t

Neutron noise methods are well established and known techniques for the experimental analysis and
surveillance of nuclear reactors. One of these methods, the variance to mean ratio or a-Feynman, is based
on the measurement of the histogram of the number of counts of a detector in a subcritical reactor driven
by a external neutron source. The method uses the first and second moments of the distribution of
counts. As a further step in the full characterization of the distribution we compute, in addition, third
and fourth moments showing the limitations of approximated counts distributions.

� 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Good summaries on the neutron noise problem as well as bib-
liographical data can be found in the work of Pacilio et al. (1976),
in the book of M. M. R. Williams (1974) and in the proceedings
on the NATO conference on the subject (Muñoz-Cobo and
Difilippo Edts, 1989). In their work Pacilio et al. discussed the dif-
ferent approximations for the probability generating function in
order to calculate the moments of the histogram of the number
of counts in a time interval t. One in particular is the negative bino-
mial distribution (NBD). This distribution was used later by
Difilippo (2002) to analyze how to correct the measured his-
tograms of the number of counts due to dead-time effects. All these
developments address only the first and second moments of the
distributions of counts. We add further moments to characterize
the distribution, including statistical parameters as the skewness
and the kurtosis.

2. Equations for the moments of the distribution of counts

In this section we discussed how to generate a set of differential
equations for the factorial m moment of the distribution of counts
r, < rðr � 1Þðr � 2Þ . . . ðr �mþ 1Þ >, in a measuring interval t. For

random effects without correlation the distribution is the Poisson
one; due to the correlation introduced via the fission process the
variance ðr2Þ divided the mean ð�rÞ is not equal to one. Its departure
from one r2=�r � 1þ wðtÞ is used to measure the dynamic para-
meters of the subcritical system.

2.1. Probability distribution function

Defining Pðn; r; tÞ as the probability of having at time t;n neu-
trons in the system and r counts in our detector a difference-differ-
ential equation, or probability balance equation, can be written for
Pðn; r; tÞ provided we have Markovian processes defined in the fol-
lowing way: SDt is the probability for the emission of one neutron
by the source in the interval Dt, similarly Kf Dt;KcDt, and KdDt, are
the probabilities per neutron to produce, respectively, a fission, a
capture or a detection events.

Rather than trying to solve the difficult difference-differential
equation for Pðn; r; tÞ it is easier to deal with the probability distri-
bution function (PDF) defined as

Fðx; y; tÞ ¼
X1
n¼0

X1
r¼0

xnyrPðn; r; tÞ ð1Þ

and to compute the factorial moments from the partial derivatives
of Fðx; r; tÞ evaluated at x ¼ y ¼ 1.

From the probability balance equation it can be demonstrated
that Fðx; r; tÞ satisfies the equation,
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@F
@t
¼ Sð1� xÞ þ Kcð1� xÞ þKf ðpðxÞ � xÞ þKdðy� xÞ

� � @F
@x

ð2Þ

in this equation

pðxÞ ¼
X1
mp¼0

xmp pmp
ð3Þ

where pmp
is the probability of the emission of mp prompt neutrons

in the fission process. Eq. (2) corresponds to the prompt neutron
approximation which in general is a good one provided that time
interval t is small in comparison with the decay times of the delayed
precursors. Any moment of the distribution Pðn; r; tÞ can be calculat-
ed with the factorial moments which are solutions of a system of
ordinary differential equations. More explicitly, the ðmþ iÞ partial
derivative of F with respect to x (m times) and with respect to y (i
times) evaluated with Eq. (2) at x ¼ y ¼ 1 is

@ðmþiÞ

@xm@yi

@F
@t

 !
x¼y¼1

¼ hnðn� 1Þðn� 2Þ . . . :ðn�mþ 1Þrðr � 1Þ

� ðr � 2Þ . . . :ðr � iþ 1Þi ð4Þ

where the bracket indicate the average with the distribution P(n,r,t).

2.2. System of differential equations up to the fourth factorial moments

The partial derivatives of @F=@t in Eq. (4) are calculated
according to the right hand side of Eq. (2). For the first moments
we have

d < n >
dt

¼ Sþ a < n > ð5:1Þ

and

d < r >
dt

¼ Kd < n >; ð5:2Þ

where the prompt decay constant a ¼ �Ka þ �mpKf , with
Ka ¼ Kc þKf þKd and ~mp the average number of prompt neutrons
per fission.

Equations for the second factorial moments are

d< nðn�1Þ>
dt

¼ 2a< nðn� 1Þ>þð2SþKf < mpðmp �1Þ>Þ< n>

ð6:1Þ

d < nr >
dt

¼ a < nr > þS < r > þKd < nðn� 1Þ > ð6:2Þ

and

d < rðr � 1Þ >
dt

¼ 2Kd < nr > ð6:3Þ

where < mpðmp � 1Þ >¼
P1

m¼0mpðmp � 1Þpmp
.

Equations for the third factorial moments are

d < nðn� 1Þðn� 2Þ >
dt

¼ 3a < nðn� 1Þðn� 2Þ >

þ 3ðSþKf < mpðmp � 1 >Þ < nðn� 1Þ >
þ < mpðmp � 1Þðmp � 2Þ >< n > ð7:1Þ

d < nðn� 1Þr >
dt

¼ 2a < nðn� 1Þr > þð2SþKf < mpðmp � 1Þ >Þ

< nr > þKd < nðn� 1Þðn� 2Þ > ð7:2Þ

d < nrðr � 1Þ >
dt

¼ a < nrðr � 1Þ > þ2Kd < nðn� 1Þr > þS

< rðr � 1Þ > ð7:3Þ

and

d < rðr � 1Þðr � 2Þ >
dt

¼ 3Kd < nrðr � 1Þ > ð7:4Þ

Equations for the fourth factorial moments are

d<nðn�1Þðn�2Þðn�3Þ>
dt

¼4a<nðn�1Þðn�2Þðn�3Þ>

þð4Sþ6Kf <mpðmp�1>Þ
<nðn�1Þðn�2Þ>þ4Kf

<mpðmp�1Þðmp�2Þ>Þ<nðn�1Þ>
þKf <mpðmp�1Þðmp�2Þðmp�3ÞÞ><n>

ð8:1Þ

d< nðn�1Þðn�2Þr>
dt

¼Kd < nðn�1Þðn�2Þðn�3Þ>

þ3S< nðn�1Þr>þ3a< nðn�1Þðn�2Þr >
þKf < mpðmp�1Þðmp�2Þ>< nr>

þ3Kf < mpðmp�1Þ>< nðn�1Þr> ð8:2Þ

d < nðn� 1Þrðr � 1Þ >
dt

¼ ðKd þ aÞ < nðn� 1Þrðr � 1Þ >

þ 2Kd < nðn� 1Þðn� 2Þr >
þ 2S < nrðr � 1Þ > ð8:3Þ

d < nrðr � 1Þðr � 2Þ >
dt

¼ a < nrðr � 1Þðr � 2Þ >

þ 3Kd < nðn� 1Þrðr � 1Þ >
þ S < rðr � 1Þðr � 2Þ > ð8:4Þ

and

d < rðr � 1Þðr � 2Þðr � 3Þ >
dt

¼ 4Kd < nrðr � 1Þðr � 2Þ > ð8:5Þ

2.3. Solutions for the factorial moments equation

There are fourteen coupled first order ordinary differential
equations to calculate the factorial moments of the distribution
of counts up to the fourth order. Fortunately: (1) the equations
are linear with constant coefficients and (2) they can be solved
sequentially in the written order, i.e. step i is the input to step
i + 1. Each equation is of the form

dy
dt
þ aðtÞy ¼ f ðtÞ ð9Þ

with general solution (Pontryagin, 1962)

yðtÞ ¼ yð0Þe�gðtÞ þ e�gðtÞ
Z t

0
f ðsÞegðsÞds ð10Þ

where gðtÞ ¼
R t

0 aðsÞds.
The case of the steady state of a subcritical reactor with an

external source S is of interest because of standard noise tech-
niques. Long after the introduction of the source (in terms of
1=aÞ the steady values of < n >;< nðn� 1Þ >;< nðn� 1Þðn� 2Þ >
and < nðn� 1Þðn� 2Þðn� 3Þ > can be calculated by Eqs. (5.1),
(6.1), (7.1) and (8.1) by equating to zero the time derivatives. Once
these variables are calculated the different moments that include
the number of counts r can be calculated analytically with the
use of Eq. (10), providing zero initial conditions for the moments
that include r, i.e. our detector system is reset each time we per-
form a measurement.

In this way we found in the literature the solution up to the sec-
ond moment. The second central moment (the variance
r2 ¼< r2 > � < r>2 ¼< rðr � 1Þ > þ < r > � < r>2 ) is related to
the mean value < r > in the following way
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