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a b s t r a c t

The manuscript offers a methodology to solve an analytical model of a heterogeneous elastic problem for
curvilinear layered structures, using the two scales asymptotic homogenization method (AHM). The local
problems and the mechanical properties of the local functions were derived. The analytical modeling for
the linear elastic problem considering quasi-periodic multi-layered curvilinear composites and the
corresponding homogenized problem were obtained. The analytic expression of the effective stress for
curvilinear composites is presented. In order to validate the presented model, comparisons with a
computational modeling and experimental results for Fibonacci laminated composite and wavy lami-
nated structure are given. The methodology is applied to composites with thickness variation where the
effective coefficients were computed and a comparison between the results reported by AHM and nu-
merical analysis given by finite element method (FEM) is presented. Finally, the aorta is studied as a
curvilinear laminated shell composite and the above results were used to determinate the effective
elastic tensor for healthy and unhealthy aorta using AHM and FEM.

© 2015 Elsevier Ltd. All rights reserved.

1. Introduction

The composite materials have been very popular for the last
years due their exceptional mechanical properties. The laminated
shell and sandwich composites had an important application in
aerospace industry, automotive engineer [1e4] and textile
manufacturing [5e7]. The composite conical shells have been
widely used in various fields of technology as important structural
components due to their special geometric shapes [8,9]. The use of
the curvilinear composite structures in new engineering applica-
tions is significantly facilitated if the effective properties such as
elastic, piezoelectic, thermo-elastic etc., can be predicted.

Homogenization is a useful mathematical method for solving
boundary value problems in media with fine periodic structure.
Two scale homogenization techniques have been used to solve

periodic heterogeneous problems [10e12]. Other homogenization
method is related to the concept of H-convergence [13,14]. The
fourth order heterogeneous constitutive tensor H-converges to the
effective tensor when the solution of the corresponding heteroge-
neous elasticity problem converges weakly to the effective
displacement.

The development of newmathematical models and mathematic
techniques helps to study the elastic properties of a laminated shell
composite and bio-composite (cornea, aorta). Composites with
periodic structure are often encountered in structural mechanics, in
particular shell composites, [15e17]. The homogenization
[10,18e21] and finite elements [7,22,23] techniques for shell are
very used in these problems. Some recent works have been pub-
lished related to effective properties of the smart composite shells
[12,18,19] and wavy laminated shell composite [13,24], among
others. In particular, behaviors of bio-composites are being
analyzed with mathematical shell methods. Three dimensional
models of human cornea [25,26], and the aorta [27], are important
motivation for this work.
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In this contribution, elastic composites in which the material
coefficients are assumed to be rapidly oscillating periodic functions
of a curvilinear coordinates system is studied and the two scales
asymptotic homogenization method is used to solve the hetero-
geneous elastic problem. The novelty of this research is to obtain a
homogenized problem with effective coefficients for a curvilinear
laminated composites as extension of previous works [13,28e30].
Besides, the local problems and the general analytic expression for
the effective coefficients are derived and the effective properties in
Refs. [10,13] are obtained as particular case. The results presented in
Ref. [31] for a Fibonacci laminated composite are compared with
the results obtained by AHM for a quasi periodic shell composite.
The effective coefficients reported in Ref. [13] for two waviness
layers composite were compared with a laminated wavy structure
with soft/hard interface between the layers. As an example of
stratified structure, a composite with thickness variation is
considered and the effective coefficients were computed using
AHM (Asymptotic Homogenization Methods) and FEM (Finite Ele-
ments Method). The paper gives a methodology to analyze the
heterogeneous elastic problem in curvilinear structures. This
methodology is used to determinate the effective properties of the
aorta and analyze the artery as a laminated shell composite.
Comparisons between the effective coefficients for healthy and
unhealthy (due to the presence of plaques) artery is presented. The
present model is validated with Finite Element Method.

2. Elastic problem for curvilinear structure

2.1. Curvilinear structures

In the present work, a quasi-periodic elastic structure is un-
derstood, if there is a coordinate system x ¼ ðx1; x2; x3Þ2U3ℝ3

such that the operator s ¼ Fðε; x; yÞ who related stress (s) and
strain (ε) is regular in x and Y-periodic in y, where y¼ x/ε2Y (Y unit
cell) and ε is a very small parameter.

Additionally, for certain structure there is an oscillation in its
geometrical configuration and a stratified function is used to
describe the geometry of the composite [13]. Also, in this sense a
variation of the thickness of the unit cell can be considered. A
generalization of these ideas is presented in further sections.

In the case when the operator s ¼ Fðε; x; yÞ is regular in x and Y-
periodic in y, where y ¼ 9ðxÞ=ε and 9 : ℝ3/ℝ3, it defines an elastic
curvilinear structure.

The particular case when the function 9≡I (identity function)
the curvilinear structure is a quasi-periodic structure. Another
important example are the shell composites; for this one, the
function 9, called stratified function, has the property 9 : ℝn/ℝp

where n > p, [13], see Fig. 1.

2.2. Statement of the elastic problem for curvilinear structures

Consider a certain curvilinear heterogeneous structure U
bounded by S ¼ S1∪ S2 in the coordinate system x ¼ (x1,x2,x3) and
a periodic function 9 ¼ ð91ðxÞ; 92ðxÞ; 93ðxÞÞ. The aforementioned
operator F in this structure is the Hooke's law

sε ¼ Cε

�
9ðxÞ
ε

; x
�

: εε; (1)

where C
ε
is regular in x and Y-periodic in y, where y ¼ 9ðxÞ=ε is the

fast curvilinear coordinate system.

The equilibrium equation of the elastic theory has the following
expression

divsε þ f ¼ 0 on U; (2)

with boundary conditions

uε ¼ u0on S1; sε$n ¼ S on S2; (3)

where uε is the displacement, u0 is the known displacement on S1, S
is the stress vector on S2 and n is the external normal vector of S2.

The coordinate system x is curvilinear and considering the
Einstein's summation rule, where the Latin index run from 1 to 3,
the expression of the equilibrium equation can be written

sij
������
j
þ fi ¼ s

ij
;j þ Gi

jks
kj þ G

j
jks

ik þ f i ¼ 0 on U; (4)

where f$g
������
j
denotes the covariant derivate, f$g;j ¼ v

vxj
f$g the

derivation respect to the slow or global curvilinear coordinate and
Gi
jk the Christoffel's symbols of second type.
Considering the Cauchy's formula, who related the strains and

the displacements εmn ¼ 1=2ðum
����
n þ un

����
mÞ and substituting into

(1) yields

sij ¼ Cijmnum
��
n ¼ Cijmn

�
um;n � Gk

mnuk
�
: (5)

Replacing (5) into (4), the generalized equilibrium problem of
elasticity theory takes the following expression

�9k;j
ε

Cijmn
jk þ Cijmn

;j þ Gi
jkC

kjmn þ G
j
jkC

ikmn
��

um;n � Gr
mnur

	
þ Cijmn

�
um;nj � Gr

mn;jur � Gr
mnur;j

�
þ f i ¼ 0 on U; (6)

with boundary conditions

ui ¼ u0i on S1

�
Cijmn�um;n � Gr

mnur
	�

nj ¼ Si on S2; (7)

where f$gjj ¼ v
vyj

f$g denotes the derivation respect to the fast or
local curvilinear coordinate.

3. Asymptotic homogenization method

In order to solve the problem (6) and (7) with fast oscillating
coefficients, the two scales Asymptotic Homogenization Method
(AHM) is used.

The general asymptotic expansion is

uðεÞm ¼ vm þ ε$vl
��
kN

lk
m þ ε

2$svl
��
kjN

lkj
m þ…; (8)

where vm ≡ vm(x), and the local functions Nlk…
m ≡Nlk…

m ðx; yÞ are y-
periodic functions and hNlk…

m i ¼ 0, where h4i ¼ 1
VY

R
Y
4

ffiffiffi
g

p
dy; VY

volume of Y,
ffiffiffi
g

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
det½gij�

q
and [gij] is the metric tensor [16].

In order to obtain the effective coefficients, the following
expansion is proposed,
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