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1. Introduction

We study a plane vortex-free stationary flow of an ideal incompressible heavy fluid over a flat bottom.
Detailed formulation of the problem can be found in Karabut [1-3] and we follow mainly his description.

Let (X,Y) be a Cartesian coordinate system with X-axis aligned along the bottom, hy be the depth of
the unperturbed fluid at infinity and ug be the velocity of the flow at infinity.

The problem of constructing a solitary wave is reduced to the finding of a solution in the form ¥ = Y;(X),
which fulfils the condition lim| x|_.o Yo(X) = ho. This task hinges on a single parameter. Usually the Stokes
parameter 6 (0 < 6 < 7/2) is taken which in its turn is related with the Froude number (Fr = ug//gho > 1)
via tan /6 = Fr?,

Denote by @ the velocity potential and by ¥ the streamline function. In the plane of the non-dimensional
complex potential x = ¢ + i) = (P + ¥)/hgug, the strip

—o<p<oo (0<y <) (1)
is in correspondence with the fluid. The solitary-wave problem will be solved if we obtain the conformal map
of this strip onto the flow area. This map can be written as Z = X +iY = 20 (y + W (x)). Here the function
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W (x) is a solution of the following boundary-value problem

dW+x)12 1 _ _

‘ dx ’ o 1—2vIm W’ v=coth (=09 < ). )

ImW =0, (¥ =0, ¢ < o), (3)
lim ImW = 0. (4)

p——00

Note that among the solutions of (2)-(4), the solitary-wave is subjected to the condition

Yo = +00, lim Im W = 0. (5)

p—00

In a number of earlier papers the solution of the problem of finding a solitary wave is represented by
series of different types (see [4,1-3]).

For instance, if we are looking for a solution of (2)—(4) presented as a series of the kind

o0
W= 0"W(x) (6)
j=1
this yields the shallow-water expansion. It occurs that the functions W7(x) can be given as polynomials of
cosh_Q(%). Then it is reasonable to put ¢ = eX and to rewrite (6) as

00
W=> E;j0)¢, ImE;=0. (7)
j=1
This type of series was suggested by Witting [4]. One can easily obtain recurrent formulas for the coefficients
E;: By can be any positive number.

This series has been investigated numerically for § = 7/3 and 6 = 7/4 in [4]. Karabut [1-3] has shown
that for @ = mn/n, where m and n are integers, the problem of exact summation of the Witting series is
equivalent to the solution of a special system of n ordinary differential equations. The following functions
are introduced

Pj(X):W(Cw%*Q), w=¢e", j=1,...,n (8)

and it turns out that they satisfy the following system

dP; dp; 1 ,
— = 11 — 41| =—, P, = P, =1,...,n, 9
(dx+>(dx+) 7 = " )

where f; = 1+ iv(Pj41 — P;). Therefore, to deal with the boundary-value problem (2)-(4) in the form of
the Witting series (7), it is enough to integrate the system (9) and to take W = P;.
The system (9) has been integrated for # = 7/3 in [1] and for §# = 7/4 in [3], that is, in these cases the
Witting series are summed up exactly.
Here, we consider the case § = 7/5 when (9) contains five equations. In this case (and more generally, for all
0 = m/n, n is an odd integer), the system (9) can be written in the standard form. Denote A= \/f1 fa.f3 f1f5-
Then Eq. (9) can be written with respect to the variables f; in the following way:
df _ . fsfs = fafa dfs _ . Jahr — f3fs dfs _ . fsf2— fah
dx A ’ dx A ’ dx A ’
dfs . Jifs = Js )2 dfs _, f2fa— Nifs
dx A ’ dx A '
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