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In the paper we present some remarks on the global stability of steady state solutions
to a free boundary model studied by Xu (2004) and also prove some new results of
global stability of steady state solutions to the model.
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1. Introduction

The process of tumour growth and its dynamics is one of the most intensively studied processes in the
recent years. There have appeared many papers devoted to develop mathematical models to describe the
process, cf. [1–14] and references therein. Most of those models are based on the reaction diffusion equations
and mass conservation law. Analysis of such mathematical models has drawn great interest, and many results
have been established, cf. [15–25] and references therein.

Ductal carcinoma in situ (DCIS) refers to a specific diagnosis of cancer that is isolated within the breast
duct, and has not spread to other parts of the breast. There are two categories of DCIS: non-comedo and
comedo. Noncomedo type CDIS tends to be less aggressive. The most common non-comedo types of DCIS
are: (1) Solid DCIS: cancer cells completely fill the affected breast ducts. (2) Cribriform DCIS: cancer cells
do not completely fill the affected breast ducts; there are gaps between the cells. (3) Papillary DCIS: the
cancer cells arrange themselves in a fern-like pattern within the affected breast ducts. (More information
may be found in http://imaginis.com or [26].) In a talk Mary Edgerton described two special patterns found
in DCIS vividly: one lining up like baby trees and one spreading out evenly with gaps.
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In [26], the author modifies a model proposed by Byrne and Chaplain [3], (also see Friedman and Re-
itich [27]), for the growth of a tumour consisting of live cells (nonnecrotic tumour) to describe the homoge-
neous growth inside a cylinder, a model mimicking the growth of a ductal carcinoma. The one dimensional
model is in the form of a free boundary problem as follows.
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where B(t) = {z|0 < z < s(t)}, s(t) which represents the growing boundary of the tumour is unknown
function; λ, µ are positive constants. λσ in (1.1) is the consumption rate of nutrient in a unit volume; σ1
denotes the external concentration of nutrients, which is assumed to be constant. c = Tdiffusion/Tgrowth is the
ratio of the nutrient diffusion time scale to the tumour growth time scale. Typically c ≪ 1 (cf. [18,27,26]).
The two terms on the righthand side of (1.4) are explained as follows: The first term µ

 s(t)
0 σdz is the total

volume increase in a unit time interval induced by cell proliferation, the proliferation rate is µσ; The second
term µ

 s(t)
0 σ̃dz is the total volume decrease in a unit time interval caused by natural death, and the natural

death rate is µσ̃. For details of the model, please see [26].
Global stability of steady state solutions to problem (1.1)–(1.5) were obtained in [26]. We realized that

there are some mistakes in [26], which were reflected in Theorem 2.2 formulated in [26], so they were needed
to be corrected. In presented paper we consider the global stability of solutions to one dimensional model
studied in [26].

2. The limiting case when c = 0

First, we consider the limiting case when c = 0, i.e., we consider the following problem
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∂s

∂t
= µ

 s(t)
0

(σ − σ̃)dz, t > 0, (2.4)
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The solution to (2.1), (2.2) is

σ(z, t) = σ1 cosh(
√
λz)

cosh
√
λs(t)

. (2.6)

Substituting (2.6) to (2.4), and setting
√
λs(t) = η(t), one can get

η′(t) = µσ1 tanh η − µσ̃η =: µf(η). (2.7)

The specific value of µ will not affect the results of the model. We shall take µ = 1 for simplicity in the
following of the paper.
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