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The equation 

1. INTRODUCTION 

u t t -  Uxxt = o-(Ux)x, x E (0, 1), t > 0 (1) 

is used to model the longitudinal displacement in a homogeneous bar, which is composed of 
a viscoelastic material of the rate type and is of uniform cross section and unit length. Where 
the term Uxxt, arising from the viscoelastic material of the bar, makes the initial boundary value 
problem of equation (1) more tractable than that of the equation of one-dimensional nonlinear 
elasticity 

u ,  = o(Ux)x.  (2) 

It is well-known that even for smooth initial data, global smooth solutions to (2) do not, in 
general, exist [ 1 ], while the question of the existence and uniqueness of solutions to (1) augmented 
with various types of boundary conditions and initial conditions has been dealt with in many 
papers, see [2-6]. These papers all establish the existence and uniqueness of global solutions to 
(1), some get the classical solution, while others obtain the generalized solution. In each paper, 
or(s) is assumed to be smooth and monotonic, i.e. o-r(s) > 0 for all s ~ R, and the initial data 
are smooth. More recently, (1) has been considered under a somewhat relaxed restriction, i.e. 
o-r (s) _> C for all s E R, where C is a fixed constant, and the global generalized solutions to 
(1) have been obtained, see [7,8]. But, if o-(s) is not monotonically increasing or o-,(s) is not 
bounded below, for instance, o-(s) = asP, a simple type of function, where a(~: 0) and p(> 1) 
are all real numbers, except a > 0 and p = 2m + l(m = 0, 1 . . . .  ), neither is oft(s) positive nor 
o's(s) is bounded below, so all the above-mentioned results in paper [2-8] cease to be effective, 
an open problem is whether the global solutions of the initial boundary value problems of (1) 
still exist in this circumstance. 
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In this paper, we consider (1) together  with the initial condit ions 

u(x ,O)  = dp(x), u t (x ,O)  = ~ ( x ) , x E  (0, 1), 

and  one of  the following bounda ry  condit ions 

u(O, t) = u ( l , t )  = O, t > O, 

u(O, t )  = ux(1, t) = O,t > O, 

ux(O, t) = u(l ,  t) = 0, t > 0, 

and 
ux(O, t )  = Ux(1, t) = O,t > O. 

(3) 

(4) 

(5) 

(6) 

(7) 

For  the above-ment ioned  initial b o u n d a r y  value problems (which we call IBVP),  first, assume 
that  o-(s) = a l s l r - l s  in (1), by an energy est imate method ,  we prove that  the corresponding 
IBVP, except the N e u m a n n  b o u n d a r y  condit ion (7), have no global solut ion u so long as a < 
0, 1 < p _< 5 and  the initial funct ions satisfy certain conditions, i.e. there is a finite cons tant  
such that  2 , IlutlL2t0.tl + S0 Iluxl122to,1]dt - +oo as t - T - .  Next,  assume that  if(s) = as p in (1), 
where a ~: 0, p is an even number,  with the help o f  Jensen's inequali ty we also prove  that  the 
above-ment ioned  IBVP, except Dirichlet bounda ry  value condi t ion (4), have no global  solutions 
under  certain assumpt ions  on initial data.  Last ,  for the first b o u n d a r y  value p rob lem (1), (3), (4), 
assume that  if(s) = as p, by Fourier  t r ans form me thod  and  taking advantage  o f  the topological  
invariance of  some spaces which we will establish, we prove that  the solution u o f  the prob lem 
(1), (3), (4) blows up in finite t ime T,  i.e. ux(O, t) ~ oo and IluxllL:t0,11 - oo as t - T -  so long 
as a :~ 0, p > 2, p is an integer (except a > 0 and p = 2m + 1, m = 0, 1 . . . .  ), and  the initial data  
satisfy some conditions. 

This paper  is divided into five sections. A full s ta tement  of  the results, a long with some 
definitions and  remarks  on notat ions,  is given in Section 2. The  proofs  o f  the b lowup theorems 
based respectively on an energy est imate me thod  and Jensen's inequali ty are given in Section 3. 
And  mak ing  use of  the Fourier  t r ans form method ,  we prove ano ther  b lowup theorem for the 
first b o u n d a r y  value problem (1), (3), (4) in Section 5 after  some l emmas  in Section 4. 

2. THE STATEMENT OF MAIN RESULTS 

We denote  the n o r m  o f  the space L2[0, l ] by II" II and define the Fourier  t r ans form ^ : L2[0, 1 ] - 

/2, V f ( x )  ~ L2[0, 1 ] , f ( k )  = 2 S ~ f ( x ) c o s k r r x  d x  = f k ,  k = 0, 1 . . . . .  Let  f = (f0 . . . . .  fk  . . . .  ), 
then f E 12. Obviously, according to our  definition, f - k  = f k ,  f ( x )  = f o / 2  + ~ k ~ l  f k  coskrrx ,  
and 211fll 2 = f~/2 + Z~=~ fff. We provide tha t  the nota t ion  f >__ 0 means  fk  > 0, k = 0, 1 . . . . .  
and  a similar no ta t ion  is used by f _< 0. 

Let  D = {v(x) I v(x )  E HE[0, 1], vt(0) = vt(1) = 0}, then D is a Hi lber t  space under  the n o r m  
Ilvllo = [ [ V I I H 2 [ 0 , 1 ]  = ([[VI[ 2 -I- IlVxx[[2) t/E, the sequence {e0 = 1/2, e k  = c o s k r r X } k ~  I is an or thogo-  
nal basis in L2[0, 1 ] and  at the same t ime in D, for V v (x )  ~ D, v (x )  = Xk~o  vkek, where vk = ?(k). 
Obviously,  the corresponding ~ = (vo, vl . . . . .  vk . . . ) .  Let  D = {~ I ~ E 12, (0, vl . . . . .  ldvk  . . . .  ) 
12} a n d / )  be equipped with the n o r m  

II~llb = Ilvllo = v2/2 + (1 + k4)v  , 
k=l 
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