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Deformations of a Courant algebroid (E, 〈·, ·〉, ◦, ρ) and its Dirac subbundle A have 
been widely considered under the assumption that the pseudo-Euclidean metric 
〈·, ·〉 is fixed. In this paper, we attack the same problem in a setting that allows 
〈·, ·〉 to deform. Thanks to Roytenberg, a Courant algebroid is equivalent to a 
symplectic graded Q-manifold of degree 2. From this viewpoint, we extend the 
notions of graded Q-manifold, DGLA and L∞-algebra all to “blended” versions 
to combine two differentials of degree ±1 together, so that Poisson manifolds, Lie 
algebroids and Courant algebroids are unified as blended Q-manifolds; and define 
a submanifold A of “coisotropic type” which naturally generalizes the concepts of 
coisotropic submanifolds, Lie subalgebroids and Dirac subbundles. It turns out the 
deformations of a blended homological vector field Q are controlled by a blended 
DGLA, and the deformations of A are controlled by a blended L∞-algebra. The 
results apply to the deformations of a Courant algebroid and its Dirac structures, 
the deformations of a Poisson manifold and its coisotropic submanifold, and the 
deformations of a Lie algebroid and its Lie subalgebroid.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Deformation theories are traditionally described using differential graded Lie algebras (DGLA, for short), 
with the goal of establishing the 1–1 correspondence between the deformations of a given object and the 
Maurer–Cartan elements of an associated DGLA. However, some deformation problems require an extension 
of the concept so that certain higher brackets are involved in the Maurer–Cartan equation. Such a notion 
is called an L∞-algebra, and nowadays it is widely adopted for deformations. An L∞-algebra L is said to 
control the deformations of an object if the deformations are exactly those solutions of the Maurer–Cartan 
equation of L. Therefore, given a deformation problem in consideration, a routine task is to construct an 
L∞-algebra and show it controls the deformations.
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The motivating problem of this paper is the deformation problems of a Courant algebroid and its Dirac 
structures. The Courant bracket was first studied by T. Courant ([2]), and was later formalized by Z. Liu, 
A. Weinstein and P. Xu to study the structure of Lie bialgebroids. Roughly speaking, a Courant algebroid 
is a vector bundle E equipped with a pseudo-inner product 〈·, ·〉, an anchor ρ from E to the tangent bundle 
TM of the base manifold M , and a bracket ◦ on the space Γ(E) that satisfies the Jacobi identity but fails 
to be antisymmetric. A Dirac structure is an involutive Lagrangian subbundle A of E. These concepts lend 
great power in unifying geometric structures such as symplectic, Poisson, complex and generalized complex 
structures.

Due to the wide applications of Courant algebroid and Dirac structure, their deformation problems have 
been broadly considered and keep attracting interest. In [11], Z. Liu, A. Weinstein and P. Xu first construct 
a DGLA (ΩA, dA, [·, ·]L) associated to the Dirac structure A assuming the existence of a transversal Dirac 
structure L, and use it to control the small deformations of A. Later in [8], formal deformations of a 
Dirac structure are considered. Concerning Courant algebroid E, from a purely algebraic viewpoint, the 
deformations are described via Poisson algebra in [9] under the assumption that the pseudo-inner product 
is fixed. With the same assumption, in [5], via D. Roytenberg’s derived brackets viewpoint, a DGLA is 
constructed to control the deformations of the bracket ◦ and the anchor ρ; upon the selection of a complement 
B, an L∞-algebra VA,B is constructed to control the deformations of A; the two are combined to control 
their simultaneous deformations. Very recently, the uniqueness of the DGLA (ΩA, dA, [·, ·]L) in [11] and the 
L∞-algebra VA,B in [5] is proved in [6]. To be specific, a different selection of the complement results in an 
L∞-isomorphic DGLA or L∞-algebra.

In this paper, we attempt to attack the deformation problem of Courant algebroid and Dirac structure 
in the most general setup:

1) the pseudo-inner product 〈·, ·〉 is deformed with the bracket ◦ and the anchor ρ;
2) a deformed subbundle of A is not assumed to be Lagrangian in advance.

Thanks to D. Roytenberg ([15]), Courant algebroids are in 1–1 correspondence with symplectic graded 
Q-manifolds of degree 2, i.e. a graded vector bundle E equipped with a symplectic structure Ω of degree 2
and an involutive vector field XQ of degree 1 that preserves Ω. Considering the Poisson structure π inverse 
to Ω, by carefully selecting the degree on multi-vector fields, π is of degree −1. The pair (π, XQ) is equivalent 
to the Courant algebroid structure (〈·, ·〉, ◦, ρ) on E and satisfies

⎧⎪⎪⎨
⎪⎪⎩

[π, π]SN = 0,
[π,XQ]SN = 0,
[XQ, XQ]SN = 0.

Here [·, ·]SN is the Schouten–Nijenhuis bracket of multi-vector fields on graded manifolds. Let X(E) be the 
collection of multi-vector fields on E . It is clear that the operator [XQ, ·] is a differential of the DGLA 
(X(E), [·, ·]SN). However, although the composition of the operator [π, ·] with itself is zero, it is a differential 
of degree −1 instead of +1. In order to combine XQ and π together, we are motivated to define the notion 
of a ‘blended’ differential, which is a sum of two compatible differentials of degree ±1. Following this idea, 
the notion of DGLA is extended to a blended version, i.e. a graded Lie algebra with a blended differential, 
which is then used to control the deformations of a Courant algebroid.

On the other hand, the vector field π + XQ satisfies [π + XQ, π + XQ]SN = 0, which is analogous to a 
homological vector field. With this idea in mind, we immediately notice a list of geometric structures that 
fall into the same scheme.
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