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1. Introduction

Fibonacci numbers and their generalizations have many interesting properties and applications to almost every field of
science and art [5]. Fibonacci numbers are frequently extended. For recent generalizations, see, for example, [4,6,8-10,12].
Specially, in [2,11], Edson and Yayenie introduced and studied a new generalized Fibonacci sequence that depends on two
real parameters used in a non-linear (piecewise linear) recurrence as defined below.

Definition 1.1. For any two nonzero real numbers a and b, the generalized Fibonacci sequence {gs}%° ; is defined recursively
by

aqn_1 +qn—2, if nis even, (n>2). 1)

0=0 qgi=1 au= {an—l +Qqn_p, if nisodd,

This generalized Fibonacci sequences have word combinatorial interpretation and they are also closely related to contin-
ued fraction expansion of quadratic irrationals (see [2]). Here we introduce the generalized Lucas sequences defined by

Definition 1.2. For any two nonzero real numbers a and b, the generalized Fibonacci sequence {tn}3° is defined recursively
by

atp_1 +t,_o, if nis even,

bty 1 +ty o if nisodd, (=2 (2)

t0:2a, tlzab, fn={

From Definitions 1.1 and 1.2, it is easy to see that when a =b =1, we have the classical Fibonacci, Lucas sequences
and when a = b = 2, we obtain the Pell, Pell-Lucas numbers. If we set a = b = k, for some positive integer k, we get the
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k-Fibonacci, k-Lucas numbers. If a =1 and b = 2, then members of the sequence q, are denominators of continued fraction
converging to +/3 (see A002530) in [7].

In [2,11], some properties of the generalized Fibonacci sequences q, were studied. In this paper, we first introduce gen-
eralized Lucas sequences. Section 2 contains a list of elementary relationships about generalized Fibonacci and Lucas se-
quences. In Section 3, we give a generalization of the Binet’s formulas of generalized Fibonacci, Lucas sequences and its
applications. Section 4 is devoted to many identities and congruence relations for generalized Fibonacci, Lucas sequences by
using operator method.

2. Some preliminary results

In [2,11], Edson and Yayenie gave the following properties of the generalized Fibonacci sequences qy.

n even

1 odd . Then

Theorem 2.1. Let §(n) =n—-2|5] = {?

— ) 1-£m) \ gn-pn b++/a2b2 +4ab b—+/a?b2+-4ab
. ([2, Theorem 5]), Binet’s formula: q, = ((Zb)ln/zj ) “afg , where o = @INEPHAD gpg B — BV D400

)
. . _y2
(2). ([2, Theorem 4]), Generating function: 320 o qnX" = %
(3). ([11, p5604]): qmy2 = (ab+2)qm — qm_2;
(4). ([11, Theorem 1]): qni = (ab+3)al-§MbEMq, 3 4 qp;
(5). ([11, Theorem 3]): as("”””’m)’lbl’g(";“"’m)Qan + a—é(mn)bé(mn)qulqufl = qmin-1;
K K+l
(6). ([2, Theorem 10]): Yj_q (3)a5® (ab)L2) g = qan; Tj_ (1)af ¥+ (ab)L 2 gy = aganya;
(

b (n+1)

n-1 1y .
7). ([11, Theorem 5]): qn = “5 ZL& ! (2i11)(ab)LTlJ‘l(ab+4)’.

Corresponding to Theorem 2.1, according to the method of [2,11], we can get the following results for generalized Lucas
sequences t.

0, neven

1, nodd - Then

Theorem 2.2. Let £(n) =n—-2[5]| = {

(ab)[n/2]

. - /a2 p2 —/a2h2
(1). Binet’s formula: t; = ( al 0 )(a" + B"), where o = ®EVEbHADD gy g abova b idab

a(2+bx—(ab+2)x2+bx3) .

: P s n _
2). Generating function: Y ;7 o thX" = T (@b 12 x

(
(3). tmy2 = (@b +2)tm — ty_p;
(4). tyys = (ab+ 3)a1-EMbE M, 4ty
(5). ag(mn+n—m)—lbl—&(n;nJrn—m)tmqn + a—é(mn)bé(mn)tmilkq?il = tmen1,
+

(6)- Yo (1)a*® (ab) 2Vt = ton, Yo (R)a ¥+ (@b) 2ty = atynsn;

) 1 i i
(7). th= (alf)lt%# ZIEOJ (Z) (ab)™=*(ab + 4)'.

Applying recurrence relations of g, and t,, we add the following identities.

Theorem 2.3. We have
al-2m
Qnth = qun’

n
D E BN g; = gy gn - 1,

i=1

n
3 aEEDRE D 4t —a(b+2),

i=1

- 1 - 1
D i = 792 D = p(@2ne1 = 1),
i=1 i1

- 1 - 1
Y g = gl =2, > b= p (en+1 — ab).
i=1 i1
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