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1. Introduction

The Milstein scheme proposed in [17] is one of the well-known discretization scheme of stochastic differential equations
(SDEs) as well as the Euler-Maruyama scheme [16]. The scheme is widely used in many application fields such as physics,
biology, statistics and finance, see [1] [4] [7] [12] [19] for example. This paper focuses on a new fact on the Milstein scheme.
To explain the feature of the Milstein scheme and motivation of this research, let us consider the solution (X;);>o to the
following 1t6 SDE

d
dX; = Vo(Xdt + > Vi(X)dW;, Xo=xeR", (11)
i=1
with d-dimensional Brownian motion (W¢)¢>o = wl, ... Wf)tzo and appropriate smooth functions Vi, i=1,---,d which

are identified as vector fields on RV, ie. Vip(x) = lejsN Vij(x)a%j(p(x) for smooth function ¢. Then X; is approximated
by stochastic Taylor expansion as

d d
Xe x4+ Vot + Y ViW! + Y VjVj,x) / dw;!dw;?. (1.2)

j=1 J1.j2=1 O<ty<ty<t
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The expansion (1.2) consists basics of the Milstein scheme. The Milstein scheme is defined by

d
SMil,(n) S Mil,(n) < Mil, (n) Mil, j j
Xy =X VoK )t — e + Y Vi Mywl —wi )
j=1
d by
< Mil, (n) i i i
+ Y ViV K f W{' —wil Hawl?, (1.3)
]’1-,].2:‘1 te—1
O=tg<t; <--- <ty =T, starting from 7?3“’(") = x. It is well known that the order of strong convergence of the scheme is

0 (1/n) which is superior to that of the Euler-Maruyama scheme, and also it is known that the order of weak convergence
is O(1/n) but which is same to the Euler-Maruyama scheme, see [12] for instance. Then, it is commonly recognized that the
Milstein scheme does not improve the rate of convergence of the Euler-Maruyama scheme in weak approximation sense.

We recall how the Milstein scheme is simulated. The Milstein scheme is implemented using Brownian motions if a
limited condition is satisfied. The main difficulty in the implementation comes from the term fik,l(wsh - W[Jklfl)dwgz,
1 < j1, jo <d. There is no exact density of this iterated integral when d > 2 and ji # j,. For example, see [7] [12] [24]
for the details on this problem. However, when the vector fields satisfy the commutativity condition, we can avoid direct
simulation of the term fti’:l wi — Wtjkl_])dwsjz. 1<j1,j2 <d.Llet [A, B](x) = vazl Ai(x)ai)qB(x) — B"(x)aixl_A(x) be the Lie
bracket of smooth functions A, B: RN — RN, and consider the commutativity condition

[Cl  [Vi,Vjl®) =0, forall i,j=1,---,d andxe RV.

Then under [C], the scheme (1.3) is simplified as

d
< Mil, (n) < Mil, (n) <Mil, (n) Mil, (n) i i
Xo =Xy + VoKt — ) + 3 Vi Wi =Wy )
j=1
d
—Mil, () 1 . . . ,
+ > VLV K AW =W W —wi ) — - t1,2g). (14)

= 2
J1.J2=1
The construction of the simpler Milstein scheme (1.4) is mainly due to the following relation through It6’s product formula:
fori,j=1,---,d,

t s t s
wiw/ = dWidw! + | [ awidwi +e1,_;. (1.5)
t''t u S J
00 00

Then the commutativity condition [C] is crucial because this enables us to replace iterated integrals in (1.2) with second
order polynomials of Brownian motions using (1.5) and thereby the simpler Milstein scheme holds. The univariate SDE
N =d =1 always satisfies the commutativity condition [C]. In general, when [C] is not satisfied, the scheme (1.4) does not
make sense since we can not use the property of Brownian motions (1.5) anymore. Also, even if the condition [C] holds, the
order of the Milstein scheme is same as that of the Euler-Maruyama scheme in weak sense, as mentioned above. We refer
to further development on the Milstein scheme as [2] [3].

Although these are common understanding on the Milstein scheme, we would see some new facts under suitable condi-
tions:

1. the Milstein scheme (1.4) still holds using weak approximation analysis even if the commutativity condition [C] is not
satisfied,

2. the approximation error of the simpler Milstein scheme without commutativity condition would be sharper than that
of the Euler-Maruyama scheme, while the order of discretization itself is same.

We prove these conjectures using a simple technique from Malliavin calculus.

The organization of the paper is as follows. In Section 2, we show extension of the Milstein scheme as weak approxi-
mation after we prepare some key results on small time approximations. Section 3 shows numerical examples in finance to
confirm the validity and the effectiveness of the proposed scheme. The proofs of key statements are left for Appendix.

2. Extension of Milstein scheme

Let C’g (RN) be the space of k-times continuously differentiable functions f : RN — R such that f and its derivatives are
bounded and Cyj, (RN) be the space of Lipschitz continuous functions on RN into R. We denote by | f|lco = SUPyern | f(X)]
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