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1. Introduction

The principal objects of study of this note are so-called box spaces. These are metric spaces formed by stitching together
certain finite quotients of residually finite groups, and have been the subject of much recent research, not least thanks
to their utility in constructing metric spaces with unusual properties. For example, box spaces can be used to construct
expanders [10], as well as to construct groups without property A [1,9,11].

Of particular interest to us will be the so-called asymptotic dimension of a box space. Defined by Gromov [8], the asymptotic
dimension is a coarse version of the topological dimension. There has been a fair amount of recent work on computing the
asymptotic dimension of various box spaces, and this note represents a contribution to that body of work.

Given a finitely generated residually finite infinite group G, a filtration of G is a sequence (N, )52 ; of nested, normal, finite-
index subgroups N, of G such that (),N, = {e}.

Definition 1.1 (Box Space). The box space Ojy,)G of a finitely generated residually finite infinite group G with respect to a
filtration (N,,) of G and a finite generating set S of G is the metric space on the disjoint union of the quotients (G/N,), in
which the metric on each component G/N,, is the Cayley-graph metric induced by S, and the distance between x € G/Ny,
and y € G/N, with m # nis defined to be the sum of the diameters of G/N;;, and G/N;,.

Now let X be a metric space. Given R > 0, a family ¢/ of subsets of X is said to be R-disjoint if the distance between every
pair of distinct sets in ¢/ is at least R. Given R, S > 0, the (R, S)-dimension (R, S)- dim(X) of X is defined to be the leastn € Z
such that there exist families t4, Uy, . . ., U, of subsets of X such that

. U}l:ouj covers X,
e U is R-disjoint for everyj € {0, 1,...,n},and
e diam(U) < SforeveryU € ¢fjandj € {0, 1,...,n}.
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Definition 1.2 (Asymptotic Dimension). The asymptotic dimension asdim X of a metric space X is defined to be the leastn € Z
such that for every R > 0 there exists S > 0 such that (R, S)-dim(X) < n.

It is known that a virtually polycyclic group with a Cayley-graph metric has finite asymptotic dimension. Indeed, given
a virtually polycyclic group G we write h(G) for the Hirsch length of G, which is to say the number of infinite factors in a
normal polycyclic series of a finite-index polycyclic subgroup of G. Dranishnikov and Smith [5, Theorem 3.5] show that if G
is residually finite and virtually polycyclic then

asdim G = h(G). (1.1)

It is not unreasonable to expect that box spaces of virtually polycyclic groups should also have finite asymptotic dimension,
and indeed there have been some results in this direction. For example, Szab6, Wu and Zacharias [13] show that every
finitely generated virtually nilpotent group has some box space with finite asymptotic dimension. Finn-Sell and Wu [6]
show moreover that for certain box spaces of virtually polycyclic groups the asymptotic dimension of the box space is, like
that of the group itself, equal to the Hirsch length of the group. These results are not ideal in their current form, as they rely
on certain subgroup inclusions inducing coarse embeddings of the corresponding box spaces, a fact that does not hold in
general due to [4, Theorem 4.9].

The main purpose of the present note is to clarify the situation and strengthen these results in the case of virtually
nilpotent groups. Indeed, we show that if G is a finitely generated virtually nilpotent group then in fact every box space
of G has asymptotic dimension equal to the Hirsch length of G, as follows.

Theorem 1.3. Let G be a finitely generated residually finite virtually nilpotent group and let (Ny,), be a filtration of G. Then
asdim O,,)G = h(G).

The note is organised as follows. In Section 2 we present some basic facts about box spaces and about asymptotic
dimension; in Section 3 we compute the asymptotic dimension of certain box spaces in terms of the asymptotic dimensions
of the groups they are constructed from; and then finally, in Section 4, we bound the asymptotic dimension of box spaces of
groups of polynomial growth in terms of the growth rate and deduce Theorem 1.3.

2. Background

In this section we collect together various results about box spaces and asymptotic dimension. Given a group G with a
fixed finite generating set S we write Bg(x, R) for the ball of radius R about the element x € G in the Cayley graph Cay(G, S).

COARSE DISJOINT UNIONS AND BOX SPACES. Given a sequence (X,)%2, of sets we write | |, X, for their disjoint union. If
(Xa, dp) and (|, X, d) are all metric spaces then |_|, X, is said to be a coarse disjoint union of the X, if

(1) for each n the metric d restricts to d,, on X,
(2) whenever m # n the distance between X, and X, is at least diam X;;, + diam X;;, and
(3) for every r the number of pairs m, n with d(X;,, X,) < r is finite.

Note that if diam X; — oo then property (2) of this definition implies property (3).

Remark. The exact distance between the components X, of a coarse disjoint union does not change the coarse equivalence
class. Since asymptotic dimension is a coarse invariant [3, Proposition 22], neither does it change the asymptotic dimension.

In the introduction we defined a box space Oy;)G of a finitely generated residually finite group G with respect to a filtration
(Ny) of G and a finite generating set S of G to be the disjoint union of the quotients (G/N,), with the metric that restricts to
the Cayley-graph metric induced by S on each G/N,, and such that for x € G/N,, and y € G/N, with m # n the distance
between x and y is precisely diam(G/Ny,) + diam(G/N,). Note in particular that Oi;,)G is a coarse disjoint union of the G/Nj,.

We also define the full box space O; G of G, setting it to be the disjoint union of all finite quotients of G with the metric that
restricts to the Cayley-graph metric induced by S on each quotient, and such that for x € G/N andy € G/N’ with N # N’
the distance between x and y is precisely diam(G/N) + diam(G/N").

The following standard result says that the components of a box space locally ‘look like’ the group.

Proposition 2.1. Let G be a residually finite, finitely generated group and let (N;); be a filtration of G. Then there exists an
increasing sequence (i) such that for every k € N the balls of radius k of G are isometric to the balls of radius k of G/N;, where
i> i

Proof. For a given k and large enough i we have Bg(e, 2k) N N; = {1}, which in turn implies that Bg(e, k) is isometric to
BG/N,.(G, k) O
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