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a b s t r a c t

Let G be a simplem× n bipartite graph withm ≥ n. We prove that if the minimum degree
of G satisfies δ(G) ≥ m/2+ 1, then G is bipanconnected: for every pair of vertices x, y, and
for every appropriate integer 2 ≤ ℓ ≤ 2n, there is an x, y-path of length ℓ in G.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

It was proved by Williamson in [7] that the minimum degree condition δ(G) ≥ n/2 + 1 implies the panconnectivity of a
simple graph G of order n: for every pair of vertices x, y, and for every integer 2 ≤ ℓ ≤ n− 1, there is an x, y-path of length ℓ
in G. Panconnectivity, related concepts and applications are investigated in [4] and [6]. The case of paths of any odd length
between vertices in different partite sets of a balanced bipartite graph was considered by Amar et al. in [1]. In this paper we
deal with the Panconnectivity of bipartite graphs in general, and prove Theorem 1 we needed to apply in [3].

Let G be a (simple) bipartite graph with partite sets A and B, |A| ≥ |B|, and let x, y ∈ A ∪ B. Let ℓ ≥ 2 be an integer such
that

ℓ ≤ 2|B| − 1 and it is odd, if x ∈ A and y ∈ B,
ℓ ≤ 2|B| − 2 and it is even, if x, y ∈ B,
ℓ ≤ 2|B| and it is even, if x, y ∈ A and |A| > |B|.

Then we say that G is bipanconnected, if for every x, y ∈ V (G) and for every appropriate integer ℓ as above, G has an x, y-path
of length ℓ.

A bipartite graph with partite sets of cardinalitym and n is called anm× n bigraph. Our main result is a bipartite version
of Williamson’s theorem, and it extends the special casem = n proved by Amar et al. in [1].

Theorem 1. Let G be an m× n bigraph with m ≥ n ≥ 2. If δ(G) ≥ m/2+ 1, then G is bipanconnected.

The minimum degree condition in Theorem 1 cannot be relaxed. As an example, let m = 2t + 1, t ≥ 1, and take
two copies of a complete (t + 1) × (t + 1) bigraph sharing a common edge xy. Then δ = t + 1 = (m + 1)/2, and for
ℓ = m+ 2,m+ 4, . . . , 2m− 1, the bigraph has no x, y-path of length ℓ.

In our proof of Theorem1we use Jackson’s theoremon the circumference of a bipartite graph. Themaximum cycle length,
c(G), of a graph G is called its circumference. A connected graph with no cut vertex is called 2-connected.
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Theorem 2 (Jackson [5]). Let G be a 2-connected m×n bigraph with m ≥ n, and let s and t be the minimum degree in the partite
sets of cardinality m and n, respectively. Then 1

2 c(G) ≥ min{n, s + t − 1, 2t − 2}. Moreover, if m = n and s = t = δ(G), then
1
2 c(G) ≥ min{m, 2δ(G)− 1}. □

2. Proof of Theorem 1

We adapt basic graph theory notations like in [2]. Let G be a simple graph. The set of all adjacencies of a vertex v ∈ V (G)
in S ⊂ V (G) is denoted by NS(v), and we set dS(v) = |NS(v)|.

If C is a cycle and v ∈ C , then v+ and v− will, respectively, denote the successor and the predecessor of v according to a
fixed orientation of C . The reverse orientation of C will be denoted by

←

C .
For S ⊆ C , the set of all successors and predecessors of the vertices in S will be denoted by S+ and S−, respectively. The

vertex at distance k following v ∈ C along C , called the kth successor of v, is denoted by v+k. We denote by S+k the set of the
kth successors of all vertices in S. Similar notation will be used for the kth predecessors, namely v−k and S−k.

For x, y ∈ C a subpath of C with end vertices x and y is denoted by (x, C, y) or (x,
←

C , y). According to these notations, if
k < |C |, then (v, C, v+k), (v+k,

←

C , v) or (v−k, C, v) are all subpaths of length k in C .
Let G be anm× n bigraph withm ≥ n and satisfying δ(G) ≥ m/2+ 1. Given x, y ∈ V (G) and an appropriate length ℓ, we

may assume that ℓ ≥ 4. Indeed, from the minimum degree condition it follows that any two vertices of the same partite set
have at least two common neighbors; this implies that there is an x, y-path of length 2 or 3. The theorem is obviously true
for complete bigraphs; this is implied by the degree condition, for all n ≤ 4, except the case m = n = 4. In this exceptional
case G is a supergraph of the 3-regular 4 × 4 bigraph, K4,4 − 4K2, which is bipanconnected, by inspection. From now on we
assume thatm ≥ n ≥ 5.

Let A and B be the partite classes of G, where |A| = m, |B| = n. For a set S ⊆ V (G) we use SA = S ∩ A and SB = S ∩ B;
similarly, for a subgraph H ⊆ G we use HA and HB to denote the partite classes of H .

For k ≥ 1, a connected graph is k-connected, if the removal of less than k vertices does not disconnect the graph.We need
the following simple lemma.

Lemma 3. For m ≥ n ≥ 5, let G be an m× n bigraph. If δ(G) ≥ m/2+ 1, then G is 4-connected.

Proof. Let S ⊂ V (G) be a cut set of G. Due to the minimum degree condition any two vertices in one partite set have at least
two common neighbors. This means that either A \ S belongs to one connected component G1 of G − S, or |SB| ≥ 2. In the
first case the degree of any vertex w of B \ S not in G1 satisfies |SA| ≥ d(w) ≥ ⌈m/2⌉ + 1 ≥ 4, and |S| ≥ 4 follows. In the
second case we have |SB| ≥ 2, and in the same way, by symmetry, we obtain |SA| ≥ 2. Thus |S| ≥ 4 follows. □

Depending on G and the location of x and y there are three cases to consider (see the definition of bipanconnectivity).
Case 1: x ∈ A, y ∈ B, ℓ is odd, and 5 ≤ ℓ ≤ 2n− 1.
By Lemma 3, G is 4-connected. Thus H = G − {x, y} is a 2-connected m′ × n′ bigraph, where m′ = m − 1, n′ = n − 1.

Since δ(H) ≥ m/2, by Theorem 2 we obtain

1
2
c(H) ≥

{
min{n− 1,m− 1} = n− 1, for n = m.

min{n− 1,m− 1,m− 2} = n− 1, for n < m.

Therefore, if C is a longest cycle of H , then CB = B \ {y}, hence dC (x) ≥ m/2.
First suppose that y has all neighbors in CA ∪ {x}. If there is a vertex v ∈ NC (x)+(ℓ−2) ∩NC (y), then (x, v−(ℓ−2), C, v, y) is an

x, y-path of length ℓ. If NC (x)+(ℓ−2) ∩ NC (y) = ∅, then using dC (y) ≥ m/2 we obtain

m ≤ dC (x)+ dC (y) = |NC (x)+(ℓ−2)| + |NC (y)| ≤ |CA| ≤ m− 1,

a contradiction.
Now suppose that yy′ is an edge of G − C for some y′ ̸= x. As before, if v ∈ NC (x)+(l−3) ∩ NC (y′) ̸= ∅, then

(x, v−(ℓ−3), C, v, y′, y) is a required x, y-path. Otherwise, since dC (y′) ≥ m/2, we have

m ≤ dC (x)+ dC (y′) ≤ |NC (x)+(l−3)| + |NC (y′)| ≤ |CB| ≤ m− 1,

a contradiction.
Case 2: x, y ∈ B, ℓ is even, and 4 ≤ ℓ ≤ 2n− 2.
By Lemma 3, H = G− {x, y} is a 2-connectedm′ × n′ bigraph wherem′ = m, n′ = n− 2. Furthermore, dH (v) ≥ m/2− 1,

for v ∈ A, and dH (v) ≥ m/2+ 1, for v ∈ B \ {x, y}. By Theorem 2, we obtain

1
2
c(H) ≥ min{n− 2,m− 1,m} = n− 2,

hence for a longest cycle C of H we have CB = B \ {x, y}.
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