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a b s t r a c t

A set S of vertices in a graph G is an independent dominating set of G if S is an independent
set and every vertex not in S is adjacent to a vertex in S. The independent domination
number, i(G), of G is the minimum cardinality of an independent dominating set. In this
paper, we extend the work of Henning, Löwenstein, and Rautenbach (2014) who proved
that if G is a bipartite, cubic graph of order n and of girth at least 6, then i(G) ≤

4
11n. We

show that the bipartite condition can be relaxed, and prove that if G is a cubic graph of
order n and of girth at least 6, then i(G) ≤

4
11n.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

An independent set of a graph G is a set of vertices of G such that no two vertices in the set are adjacent, while a dominating
set of G is a set S of vertices of G such that every vertex outside S is adjacent to a vertex in S. An independent dominating set,
abbreviated ID-set, in a graph is a set that is both dominating and independent. Equivalently, an independent dominating set
is a maximal independent set. The independent domination number of a graph G, denoted by i(G), is the minimum cardinality
of an independent dominating set in G. Independent dominating sets have been studied extensively in the literature (see,
for example, [1,2,4,5,7,9–13] and the so-called domination book [6]). A recent survey on independent domination in graphs
can be found in [3].

The order of the graph Gwith vertex set is n(G) = |V (G)| and the size of Gwith edge set E(G) ism(G) = |E(G)|. A neighbor
of a vertex v in the graph G is a vertex adjacent to v. The open neighborhood of v, denoted NG(v), is the set of all neighbors
of v. For i ≥ 2, the open i-neighborhood of v, denoted N i

G(v), is the set of all vertices at distance i from v in G. The closed
neighborhood of v is NG[v] = {v} ∪ NG(v). For a set S ⊆ V (G), its open neighborhood is the set NG(S) =

⋃
v∈SNG(v), and its

closed neighborhood is the set NG[S] = NG(S) ∪ S. If the graph G is clear from the context, we simply write V , E, d(v), N(v),
N2(v), N3(v), N[v], N(S) and N[S] rather than V (G), E(G), dG(v), NG(v), N2

G(v), N
3
G(v), NG[v], NG(S) and NG[S] respectively.

The degree of a vertex v, denoted dG(v), is the number of neighbors of v, and so dG(v) = |NG(v)|. A graph G is subcubic if
its maximum degree is at most 3, and cubic if every vertex has degree 3. A vertex of degree 0 is called an isolated vertex. For
a non-negative integer i, let ni(G) denote the number of vertices of degree i in a graph G. The girth of G, denoted g(G), is the
length of a shortest cycle in G. For a set S of vertices in G, the subgraph of G induced by S is denoted by G[S]. Further if S ̸= V ,
then we denote the graph obtained from G by deleting all vertices in S (as well as all incident edges) by G− S = G[V (G) \ S].
The boundary of S, denoted ∂(S), is the set of all vertices in V \ S that have a neighbor in S. For notation and graph theory
terminology not defined herein, we refer the reader to [8]. We use the standard notation [k] = {1, . . . , k}.
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(a) K3,3 . (b) C5 □ K2 .

Fig. 1. The graphs K3,3 and C5 □ K2 .

2. Main result

We shall prove the following result, a proof of which is presented in Section 4.

Theorem 1. If G is a subcubic graph of girth at least 6, then

11i(G) ≤ 11n0(G) + 7n1(G) + 5n2(G) + 4n3(G).

As an immediate consequence of Theorem 1, we have our main result.

Theorem 2. If G is a cubic graph of order n and of girth at least 6, then i(G) ≤
4
11n.

3. Motivation and known results

It remains an open and challenging problem to determine a sharp upper bound on the independent domination number
of a connected, cubic graph, of sufficiently large order, in terms of its order. The best general upper bound to date is due to
Lam, Shiu, and Sun [10] who proved that if G is a connected cubic graph G of order n other than K3,3, then i(G) ≤

2
5n, where

the graph K3,3 is given in Fig. 1(a). We remark that this upper bound is achieved by the 5-prism C5 □ K2 which is depicted in
Fig. 1(b).

Goddard and Henning [3] believe that the 2
5n bound on i(G) can be improved considerably if we exclude the graphs K3,3

and the 5-prism, and posed the following conjecture.

Conjecture 1 ([3]). If G ̸∈ {K3,3, C5 □ K2} is a connected, cubic graph of order n, then i(G) ≤
3
8n.

Dorbec et al. [2] showed that if there is no subgraph isomorphic to K2,3, then Conjecture 1 is true.

Theorem 3 ([14]). If G ̸= C5 □ K2 is a connected, cubic graph of order n that does not have a subgraph isomorphic to K2,3, then
i(G) ≤

3
8n.

However, Conjecture 1 remains unresolved in general. Two infinite families of connected, cubic graphs, with independent
domination number three-eighths their orders, are constructed in [3], showing that the bound in Conjecture 1, if true, is
sharp. We remark that every graph that belongs to one of these two families constructed in [3] contains cycles of length 4
or 5. If we forbid small cycles, then Jacques Verstraete [14] posed the following conjecture.

Conjecture 2 ([14]). If G is a cubic graph of order n with girth at least 6, then i(G) ≤
1
3n.

Goddard and Henning [3] posed the following conjecture on the independent domination number of a bipartite, cubic
graph.

Conjecture 3 ([3]). If G ̸= K3,3 is a connected, bipartite, cubic graph of order n, then i(G) ≤
4
11n.

Henning, Löwenstein, and Rautenbach [7] proved that Conjecture 3 holds if the graph is quadrilateral-free; that is, they
proved that Conjecture 3 is true if the girth is at least 6.

Theorem 4 ([7]). If G is a cubic bipartite graph of order n and of girth at least 6, then i(G) ≤
4
11n.

In order to prove Theorem4, the authors in [7] prove the following stronger result on the independent dominationnumber
of a subcubic graph.

Theorem 5 ([7]). If G is a subcubic bipartite graph of girth at least 6, then

11i(G) ≤ 11n0(G) + 7n1(G) + 5n2(G) + 4n3(G).
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