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Denote by p(n) the number of partitions of n and by 
N(a, M ; n) the number of partitions of n with rank congruent 
to a modulo M . By considering the deviation

D(a,M) :=
∞∑

n=0

(
N(a,M ;n) − p(n)

M

)
qn,

we give new proofs of recent results of Andrews, Berndt, 
Chan, Kim and Malik on mock theta functions and ranks of 
partitions. By considering deviations of cranks, we give new 
proofs of Lewis and Santa-Gadea’s rank-crank identities. We 
revisit ranks and cranks modulus M = 5 and 7, with our 
results on cranks appearing to be new. We also demonstrate 
how deviations of ranks and cranks resolve Lewis’ long-
standing conjectures on identities and inequalities for rank-
crank differences of modulus M = 8.
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0. Notation

Let q be a complex number with 0 < |q| < 1 and define C∗ := C − {0}. For n ≥ 0,

(x)∞ = (x; q)∞ :=
∞∏
i=0

(1 − qix), (x)n = (x; q)n := (x)∞
(qnx)∞

,

and j(x; q) := (x)∞(q/x)∞(q)∞ =
∞∑

k=−∞
(−1)kq

(k
2
)
xk,

where in the last line the equivalence of product and sum follows from Jacobi’s triple 
product identity. Let a and m be integers with m positive. Define

Ja,m := j(qa; qm), Ja,m := j(−qa; qm), and Jm := Jm,3m =
∞∏
i=1

(1 − qmi).

1. Introduction

We recall a universal mock theta function

g(x; q) := x−1

(
−1 +

∞∑
n=0

qn
2

(x)n+1(q/x)n

)
. (1.1)

One of the earliest celebrated results in the history of mock theta functions was 
Hickerson’s proof of the mock theta conjectures, that express fifth order mock theta 
functions f0(q) and f1(q) in terms of the universal mock theta function g(x; q).

Theorem 1.1 ([8]). We have

f0(q) :=
∞∑

n=0

qn
2

(−q; q)n
= −2q2g(q2; q10) + J5,10J2,5

J1
,

f1(q) :=
∞∑

n=0

qn
2+n

(−q; q)n
= −2q3g(q4; q10) + J5,10J1,5

J1
.

Mock theta functions and the study of partitions are inextricably linked. A partition 
of a positive integer n is a weakly-decreasing sequence of positive integers whose sum 
is n. For example the partitions of the number 4 are (4), (3, 1), (2, 2), (2, 1, 1), (1, 1, 1, 1). 
We denote the number of partitions of n by p(n). Among the most famous results in the 
theory of partitions are Ramanujan’s congruences:

p(5n + 4) ≡ 0 (mod 5),

p(7n + 5) ≡ 0 (mod 7),

p(11n + 6) ≡ 0 (mod 11).
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