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X to Y. Motivated by a conjecture posed by Lee, Loh
and Sudakov (2016) [16], we study bipartitions of oriented

}O(fi?iqgsgjsg.raph graphs. Let D be an oriented graph with m arcs. In this
Partition paper, it is proved that if the minimum degree of D is §,
Semidegree then D admits a bipartition V(D) = V; U V2 such that
Tight component min{e(V1, V2),e(Va, V1)} > (54;61 + o(1))m. Moreover, if the

minimum semidegree d = min{é* (D), (D)} of D is at least
21, then D admits a bipartition V(D) = Vi U V5 such that
min{e(V1, V2),e(Va, Vi)} > (m + o(1))m. Both bounds
are asymptotically best possible.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

An example of classical graph partitioning problems is the well-known Maz-Cut Prob-
lem: Given a graph G, find the maximum bipartite subgraph of G. A simple average
argument shows that every graph with m edges has a bipartite subgraph with at least
m/2 edges. In 1973, answering a question of Erdés, Edwards [5,6] improved this lower
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bound to m/2+ (y/2m + 1/4—1/2)/4, which is essentially best possible as evidenced by
complete graphs with odd orders. For more references concerning partitions of graphs or
hypergraphs, see [3,4,7,8,11,13,18-24].

Partitioning problems of directed graphs (digraphs for short) tend to be more difficult
than that of undirected graphs. In contrast to undirected graphs, where Max-Cut only
needs to optimize a single parameter (the total number of crossing edges), the analogous
problem in digraphs is to measure the size of the directed cut in each direction. For a
digraph D and S,T C V(D), we use e(S,T) to denote the number of arcs of D directed
from S to T. In [21], Scott posed the following natural problem: What is the maximum
constant cg such that every digraph D with m arcs and minimum outdegree d admits a
bipartition V(D) = Vi U V5 such that

min{e(V1, V2),e(Va, Vi)} > cgm?

For d = 1, consider the graph K;,_; and add a single edge inside the part of
size n — 1. This graph can be oriented easily so that the minimum outdegree is 1 and
min{e(V1, V), e(Va, V1)} < 1 for every partition V(D) = V4 U V,. Hence, ¢; = 0. Lee,
Loh and Sudakov [16] initiated the study of this problem and conjectured that

Conjecture 1.1 (Lee, Loh and Sudakov [16]). Let d be an integer satisfying d > 2. Every
digraph D with m arcs and minimum outdegree at least d admits a bipartition V(D) =
Vi U Vy such that

minfe(Vi, Vo), e(Va, Vi)} > (59—

72a=T 0(1)>m.

In the same paper, Lee, Loh and Sudakov verified Conjecture 1.1 for d = 2,3, and
noted that their method is not adequate for d > 4.

Even for oriented graphs, Conjecture 1.1 seems difficult to prove. It is not clear to us
whether or not the minimum outdegree condition alone is sufficient for Conjecture 1.1
with large d. However, if we relax it to minimum degree or semidegree for oriented graphs,
then we have the following results.

Theorem 1.2. Every oriented graph D with m arcs and minimum degree § > 1 admits a
bipartition V(D) = V4 U Va such that

0—1
min{e(Vi, V2), e(Va, V2)} = (= + o(1) )m.
Theorem 1.3. Let d be an integer with d > 21. Every oriented graph D with m arcs and
minimum semidegree d admits a bipartition V(D) = V1 UV, such that

min{e(Vi, Va), e(Va, Vi)} > (2 d

TSRS 0(1))m.
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