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1. Introduction

For any continuous map p: L — X let p,: L' — X' be the induced map between the respective spaces
of continuous paths: p.: (a: I - L) — (poa: I — X).
A map p: L — X is said to be a lifting projection if the following diagram
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is a pull-back in the category of topological spaces. In other words, there is a natural continuous one-to-one
correspondence between paths in L, and pairs (o, ), where « is a path in X and [ € L with p(I) = «(0).
In fact, by [7, Theorem 1.1] a lifting projection p: L — X is automatically a Hurewicz fibration. Moreover,
given a path a: I — X and a point [ € L, such that p(l) = «(0) there exists a unique path a: I — L, such
that @(0) = and p o @ = «. In particular, every covering projection p: X > Xisa lifting projection.

A lifting space is a triple (L,p, X) where p: L — X is a lifting projection. As usual, X is the base and
L is the total space of the fibration, but we will occasionally abuse the terminology and refer to the space
L as a lifting space over X. For every x € X the preimage p~!(x) C L is the fibre of p over z. If X is
path-connected, then all fibres are homeomorphic, so we can speak about the fibre of p.

In his classical textbook on algebraic topology E. Spanier [8, Chapter II] develops most of the theory of
covering spaces within the general framework of lifting spaces (which he calls fibrations with unique path-
lifting property). As we already mentioned, covering spaces are prime examples of lifting spaces. Conversely,
if the base space X is sufficiently “nice” (i.e. locally path-connected and semi-locally simply connected), then
the coverings over X are exactly the lifting spaces over X with a path-connected and locally path-connected
total space ([8, Theorem 2.4.10]). However, if we allow more general base spaces or total spaces that are
connected but non necessarily path-connected, then a whole new world arises.

Indeed, many authors have studied unusual and pathological examples of covering spaces and tried to
build a suitable general theory. One should mention in particular Fox’s theory of overlays [5], an interesting
generalization of the concept of coverings by Fischer and Zastrow [6], and a theory of coverings specially
geared toward locally path-connected spaces by Brodsky et al. [1]. See also Dydak’s short note [4] that was
written very much in the spirit of the present article. However, our approach is different in that we do not
attempt to simply extend the concept of a covering space to more general bases but rather we pursue the
theory of lifting spaces in the sense of Spanier. It includes covering spaces as a special case, but it has a
richer structure even when the base is very simple, like a circle or a cell-complex.

Surprisingly, it turns out that despite the generality, the theory of lifting spaces has many pleasant
properties that are not shared by covering spaces. Most notably, lifting spaces are preserved by arbitrary
products, compositions and inverse limits, which is not the case for covering spaces. While a general expo-
sition on lifting spaces can be found in [3] and a classification of compact lifting spaces is in preparation,
in this note we describe some curious examples of lifting spaces that somehow defy classification and reveal
interesting connections with dynamical systems and profinite groups.

2. Examples of lifting spaces

As explained in the Introduction, in order to find lifting spaces that are not already covering spaces we
must relax some of the usual assumptions either about the base or about the total space. We will mostly
work with very simple base spaces (the circle and the figure eight-space) and concentrate on the intricacies
of the topology of the total space. In particular, we will assume that the total spaces are connected, but
are not necessarily path-connected or locally path-connected. Only in our final example we will describe an
interesting lifting space over the Hawaiian earring.

It is actually not difficult to construct lifting spaces that are not covering spaces as we have the following
characterization.

Proposition 2.1. (/8, Theorem I1.2.5]) A map p: L — X is a lifting space if, and only if it is a Hurewicz
fibration with totally path-disconnected fibre.

Furthermore, a locally trivial projection over a paracompact space is always a Hurewicz fibration (see
[7, Theorem 1.6, Corollary 1.7]). Conversely, if p: L — X is a lifting space, then the restriction of p over a
contractible subspace of X is locally trivial.
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