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h i g h l i g h t s

• We propose two new axiomatisations of the basic best–worst rule.
• We show that anonymity is not necessary to characterise the basic best–worst rule.
• Top–bottom non-negativity was used for the direct characterisation.
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a b s t r a c t

We show that reinforcement and top–bottom cancellation imply anonymity, and that the basic best–
worst rule can be characterised by neutrality, continuity, reinforcement, and top–bottom cancellation.
Additionally, we directly characterise the basic best–worst rule by neutrality, reinforcement, top–bottom
non-negativity, and top–bottom cancellation. Top–bottom non-negativity requires that if the difference
in number between the individuals preferring a certain alternative as their best and worst alternatives
respectively is strictly negative, then that alternative is not included in the social choice.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

The best–worst rules have made it easy for us to determine
the social choice because we need to collect information only
about each individual’s best and worst alternatives. Some re-
cent studies have analysed several applied models of the best–
worst rules. For instance, Marley and Louviere (2005) analysed
the probabilistic discrete choice models and Cahan and Slinko
(2018) characterisedmulti-candidate pure-strategy equilibrium in
the Hotelling–Downs spatial election model under the best–worst
voting rules.

We have two types of best–worst rules in the literature. The
first is the basic best–worst rule where we assign 1, −1, and 0
points for the best, worst, and other alternatives, respectively.1
The second type is the weighted best–worst rule. Here, we assign
α, −β , and 0 points (α, β > 0 and α ̸= β) for the best, worst,

E-mail address: g-tk-w.gree@suou.waseda.jp.
1 The dis&approval voting rule was analysed by Felsenthal (1989) and Alcantud

and Laruelle (2014); it has a similar voting system. According to Alcantud and
Laruelle (2014), application of the dis&approval voting rule assumes that we assign
1, −1, and 0 points for approval, disapproval, and other alternatives, respectively.

and other alternatives, respectively.2 This study analyses the basic
best–worst rule.

Young (1975) axiomatised a scoring social choice rule by
anonymity, neutrality, continuity, and reinforcement.3 This allows
us to characterise specific scoring rules such as plurality, anti-
plurality, best–worst, and the Borda rules using Young’s (1975)
theorem. In fact, Garciá-Lapresta et al. (2010) characterised the
best–worst rules by using Young’s (1975) theorem. However, we
must check whether the axioms for characterisation can be re-
laxed, or whether there is an alternative approach.

The objective of this study is therefore to propose two alterna-
tive characterisations of the basic best–worst rule with a variable
electorate and fixed alternatives.

First, we show that reinforcement and top–bottom cancellation
imply anonymity. This result indicates that we can characterise the
basic best–worst rule by neutrality, continuity, reinforcement, and
top–bottom cancellation.

Second, we propose direct characterisation of the basic best–
worst rule by neutrality, reinforcement, top–bottom cancellation,
and, a new axiom, namely, top–bottom non-negativity, instead of

2 See Garciá-Lapresta et al. (2010).
3 See also Hansson and Sahlquist (1976).
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continuity. Thus, we do not apply Young’s (1975) theorem to the
second characterisation. Top–bottom non-negativity requires that
if the difference in number between the individuals choosing a
certain alternative as their best andworst alternatives respectively
is strictly less than 0, that alternative is not included in the social
choice.

The remainder of this paper is structured as follows. Section
2 details our notations and definitions. Section 3 introduces the
above axioms. Section 4 presents two characterisations of the basic
best–worst rule.

2. Preliminaries

Let N be a finite set of individuals such that N ⊂ N+ and
|N| ≥ 1, where N+ is the set of positive integers and |N| indicates
the cardinality of N . Now, suppose that X is the finite set of all
alternatives and |X | ≥ 2. The alternatives in X will be denoted by
a, b, c, etc.

Next, suppose that Pi ∈ Di ⊆ P is a linear ordering over
X for each i ∈ N , where P is the set of all preference relations
over X and Di is a set of feasible preference relations over X for
i ∈ N . Also, let P = (Pi)i∈N ∈ D be the profile of all Pi such that
D = Πi∈NDi ⊆ P |N|. For simplicity, we assume the following
property in this study:

Unrestricted domain: D = P |N|.

Let C : P ⇒ X be a social choice correspondence. Additionally, let
naj(P) be the number of individualswhose jthmost preferred alter-
natives are a. Then, suppose that na(P) = (na1(P), . . . , na|X |(P)).

We then introduce the basic best–worst scoring vector: sbw =

(1, 0, . . . , 0,−1). Using sbw andna(P), we can define the basic best–
worst score function f bwa : P |N|

→ Z for each alternative as follows:
f bwa (P) = sbw ·na(P),4 where Z is the set of all integers. Finally, the
basic best–worst rule is defined as given below.

Definition 1. Basic best–worst rule:

Cbw(P) = {a ∈ X | a ∈ argmaxb∈X f bwb (P)}.

3. Axioms

The following six axioms characterise Cbw .
First, C is anonymous if

C(P) = C((Pπ (i))i∈N )

for any π ∈ Π and for any P ∈ P |N|, where π is a permutation
such that π : N → N , and Π is the set of all permutations on
the individuals in N . Thus, anonymity requires that no social choice
should depend on the names of individuals.

Second, C is neutral if

C(ψ(P)) = {λ(a) ∈ X | a ∈ C(P)}

for any λ ∈ Λ and for anyP ∈ P |N|, where λ is a permutation such
that λ : X → X ,Λ is the set of all permutations on the alternatives
in X , ψ is a permutation such that ψ : P |N|

→ P |N|, and Ψ is the
set of all permutations on the preference profiles of the individuals
in N . Note that for an arbitrary N ⊂ N+, every λ ∈ Λ induces
ψ ∈ Ψ .5 Intuitively, neutrality requires that no social choice should
depend on the names of alternatives.

4 The dot product is used in the formula.
5 There exists a bijection whose domain and co-domain are Λ and Ψ , respec-

tively. For example, assume that X = {a, b, c}, N = {1, 2}, and society has the
following preference profile: (P1, P2) ∈ P2 such that aP1bP1c and bP2cP2a. If
λ(a) = b, λ(b) = c , and λ(b) = c , we obtain ψ((P1, P2)) = (P ′

1, P
′

2) ∈ P2 such
that bP ′

1cP
′

1a and cP ′

2aP
′

2b.

Third, C is continuous if

C((Pi)i∈mN1∪N2 ) = C((Pi)i∈N1 )

for all N1,N2 ⊂ N+ such that N1 ∩N2 = ∅, wherem is a sufficiently
large positive integer, and mN indicates the union of the m(∈ N+)
‘clone’ sets of N(⊂ N+). Assume that every clone set has the same
preference profile as N . Additionally, let each clone set be disjoint
from N and other clone sets. From the above statement, continuity
requires that the social choice of a certain society N ⊂ N+ is
equal to that of a unified society if the unified society consists of
the following societies: (i) sufficiently many societies having the
same preference profiles as N , and (ii) a society having a different
preference profile.

Fourth, C satisfies reinforcement if

C(P1) ∩ C(P2) ̸= ∅ ⇒ C(P1) ∩ C(P2) = C(P1 + P2)

for any P1 = (Pi)i∈N1 ∈ P |N1| and for any P2 = (Pi)i∈N2 ∈ P |N2|

such thatN1,N2 ⊂ N+ andN1 andN2 are disjoint, whereP1+P2 =

(Pi)i∈N1∪N2 ∈ P |N1|+|N2| for all N1,N2 ⊂ N+. Thus, this axiom
requires that if the intersection of the social choices for any two
disjoint subsets of individuals is not empty, then the intersection
is equal to the social choice for the union of those two subsets.

Fifth, C satisfies top–bottom non-negativity if

na1(P) < na|X |(P) ⇒ a ̸∈ C(P)

for all a ∈ X and for any P ∈ P . This axiom requires that, for each
alternative, if the number of individuals who havemost preference
for the alternative is less than the number of individuals who have
least preference for the alternative, that alternative should not be
included in the social choice. Top–bottom non-negativity implies
averseness, as proposed in Kurihara (2018).6

Finally, C satisfies top–bottom cancellation if

[na1(P) = na|X |(P)TIZ@D∀a ∈ X] ⇒ C(P) = X

for any P ∈ P |N|. Hence, top–bottom cancellation requires that
the social choice is X if the number of individuals preferring a as
their best alternatives is cancelled out by the number of individuals
preferring a as their worst alternatives for every a ∈ X .

4. Results

Before characterising Cbw , Lemma 1 shows that reinforcement
and top–bottom cancellation imply anonymity. Themethod to prove
this is similar to that used in Young (1974): reinforcement and
cancellation7 imply anonymity.

Lemma 1. If C satisfies reinforcement and top–bottom cancellation,
then C is based only on the values of na1(P) − na|X |(P), a ∈ X.

Proof. Suppose that C satisfies reinforcement and top–bottom can-
cellation. Let P1 = (Pi)i∈N1 and P2 = (Pi)i∈N2 , where N1,N2 ⊂ N+,
such that

na1(P1) − na|X |(P1) = na1(P2) − na|X |(P2)

for all a ∈ X , and for all a ∈ X ,

qa = na1(P1) − na1(P2).

6 Averseness requires that if we assume that only one individual exists, then the
individual’s social choice will not include the worst alternative.
7 Young (1974) characterised the Borda rule by neutrality, reinforcement, faithful-

ness, and cancellation. Faithfulness requires that if there exists only one individual,
then the best alternative for the individual will be the social choice. Cancellation
requires that, for all P ∈ P|N| , if nab(P) = nba(P) for all a, b ∈ X , then C(P) = X ,
where nab(P) = |{i ∈ N | aPib}| for all a, b ∈ X .
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