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is a finitely generated abelian group, and that for a given p,
there is a finite, effectively calculable, list of possible torsion
subgroups which can appear. For p # 2,3, a minimal list of
prime-to-p torsion subgroups has been determined by Cox and
Parry. In this article, we extend this result to the case when
Keywords: p = 2,3, and determine the complete list of possible full tor-
Elliptic curve sion subgroups which can appear, and appear infinitely often,
Function field for a given p.
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1. Introduction

In what follows, let p be a prime, ¢ a power of p, and k = F, a finite field of cardi-
nality g. Let C be a smooth, projective, absolutely irreducible curve over k, and write
K = k(C) for its function field. In this paper, we will primarily be interested in the case
when C = P!, so that K = k(P!) = k(T is the rational function field of k. An elliptic
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curve F/K is a smooth, projective, absolutely irreducible curve of genus 1 over K, with
at least one K-rational point. The curve E can always be written in long Weierstrass
form:

Ety2+a1$y+a3y:x3+a2x2+a4x+a6 for a; € K,

and when p > 3, we can write E : y> = 23 4+ Az + B for A,B € K.

We have the usual definitions for the invariants associated to E (for example in [9]),
including the discriminant, A, and the j-invariant, all of which are elements in K. In
addition, we will consider the Hasse invariant of E, which we will denote H(E). When
p =2, for a curve written in long Weierstrass form, the Hasse invariant is the coeffi-
cient a;. When p > 2, we may choose an equation with a; = a3 = 0, in which case the

p—

Hasse invariant of E is the coefficient of 2P~ in (23 + aga? + agx + a6)Tl [11, p. 18].

Definition 1.1. Assume that K = F,(C) is the function field of a curve over a finite field
and let F be an elliptic curve over K.

(1) E is constant if there is an elliptic curve Fy defined over k such that F = Ey x; K,
where “FEy X K is the fiber product of Ey and K. Equivalently, F is a base extension
of Ey/k to K; it is constant if and only if it can be defined by a Weierstrass cubic
with coeflicients in k.

(2) E is isotrivial if there exists a finite extension K’ of K such that E becomes constant
over K'. Equivalently, j(FE) € k, where j(E) is the j-invariant of E.

(3) E is non-isotrivial if it is not isotrivial, and non-constant if it is not constant.

As in the case of elliptic curves over number fields, we have the following description
of the structure of E(K), the set of K-rational points of E.

Theorem 1.2 (Mordell-Weil-Lang-Néron, [5]). Assume that K = F,(C) is the function
field of a curve over a finite field and let E be an elliptic curve over K. Then, E(K) is
a finitely generated abelian group.

As an immediate corollary, we have that F(K )iors is finite. In fact, we have
E(K)tors 2 Z/nZ x L] mZ

where m divides n, and p does not divide m, and every such group appears for some K
(of some genus) and E [11, p. 16]. The following proposition tells us that for any fixed
genus g of C and characteristic p, there are only finitely many possibilities for m and n.

Proposition 1.3 (Ulmer, [11]). Let g be the genus of C. Then, there is a finite (and effec-
tively calculable) list of groups depending only on g and p, such that for any non-isotrivial
elliptic curve E over K, the group E(K )iors appears on the list.
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