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considered in the grading is abelian, we equip the set of good G-gradings of A with
a structure of abelian group, which is denoted by G(B, G). Moreover, when A admits
elementary G-gradings, we show the set £(B, G) of all elementary G-gradings of A
is a subgroup of G(B, G). In this case, we introduce a cohomology for the pair (A4, B)
MSC: and we show that G(B, G)/E(B, G) is isomorphic to the first cohomology group of
16W50; 16E99 (A, B) with coefficients in G.

© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Let K be a field and let G be a multiplicative group. A G-grading on a K-algebra A is a decomposition
of A into a direct sum of linear subspaces A, indexed by elements of G, such that A;A; C Ay, for any
g,h € G. The elements of A, are called homogeneous of degree g. In this case, we will denote the G-degree
of a by ||al|.

Introducing a convenient G-grading on an algebra A is a tool which may be useful to study specific
properties of A in different contexts and, therefore, G-gradings of algebras are by themselves an important
subject of study. For instance, Zs-gradings played a major role in Kemer’s proof in [5] of Specht’s conjecture.
We are particularly interested in good and elementary gradings.

A good G-grading of the matrix algebra M,, (K) is a grading where all unit matrices e;; are G-homogenous.
When there exists a map f : {1,2,...,n} — G such that |e;;|| = f(i)"f(j), the grading is said to be
elementary. Good gradings appeared first in quotients of path algebras, although not with that name, in
[3]. Elementary gradings on full matrix algebras were first considered, not with that name, in [1], where it is
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shown, in Proposition 2.1, that every good grading on M, (K) is elementary. Good and elementary gradings
are usually defined in other “matricial” algebras like subalgebras of M, (K), matrix algebras over more
general algebraic structures, incidence algebras, etc. One of our aims in the present paper is to generalize
those concepts for a larger class of algebras.

A natural question that arises when one deals with good gradings and elementary gradings of an alge-
bra is: “is every good G-grading of an algebra an elementary grading?” and, if the answer is “no”, “how
large is the part of the elementary (GG-gradings in all good G-gradings of an algebra A?”. In case of the
matrix algebra over a field or a more general algebraic structure, the answer to the first question is always
“yes”, and the second question is automatically answered. But, for other algebras, as incidence algebras
of posets or subalgebras of a matrix algebra, there can exist good G-gradings which are not elementary,
depending on the poset considered. This question was studied by Jones in [4], but not completely answered,
and recently Price extended Jones’s construction to incidence algebras over preorders (see [7] for more
details).

In the present paper, when the group G is abelian, we identify the good G-gradings of a K-algebra A
with an abelian group denoted by G(B,G), where B is a suitable basis of A. Via this identification, we
show that the elementary G-gradings of A form a subgroup £(B,G) of G(B,G). Moreover, we introduce a
cohomology for the pair (A, B), in such a way that G(B,G)/E(B, G) is isomorphic to the first cohomology
group, in this cohomology, with coefficients in G. Although not mentioning gradings, it is shown in [6] that
every good G-grading on an incidence algebra of a pre-ordered set is elementary if and only if a suitable
cohomology group is trivial. The cohomology constructed here for a wider class of algebras generalizes that
one introduced by Nowicki.

The paper is organized as follows.

In Section 2, we define multiplicative and elementary basis for K-algebras and we consider G-graded
K-algebras with a multiplicative basis B. We also introduce the concepts of B-good and B-elementary
gradings and, when dealing with abelian gradings, we identify the set of all good G-gradings with an
abelian group G(B,G) and the set of all elementary G-gradings is identified with a subgroup £(B,G) of
G(B,G).

In Section 3, we introduce a cohomology for algebras having an elementary basis B.

In Section 4, we construct an injective group homomorphism from Hom(C;,G) to GP, where O is the
first chain group. We also verify that, through this homomorphism, G(B, G) is isomorphic to ker §2 and
&(B, G) is isomorphic to Im §!, where 6! and 62 are, respectively, the first and second coboundary maps in
the cohomology introduced in Section 3. So, we conclude that G(B,G)/E(B,G) is isomorphic to the first
cohomology group of A with coeflicients in G.

Finally, in Section 5, we calculate explicitly the first cohomology group of some concrete algebras, namely:
the Grassmann algebra, monoid algebras and incidence algebras. In the latter case, we obtain that every
good grading of the algebra is elementary if and only if the first cohomology group of the poset of the algebra
with coefficients in the abelian group G is trivial, which answers completely the problem investigated by
Jones in [4].

Throughout the article, G is a multiplicative group, K is a field and A is an associative K-algebra with
an identity element.

2. Good and elementary gradings

We say that a linear basis B for the algebra A is multiplicative if B is closed under the multiplication
of A up to multiplication by a scalar, i.e., given u,v € B, there exists ¢t € B such that uv = At, for some
A € K. So, there is a natural way to provide a semigroup structure to B U {0}, defining an operation  in
B U {0} in the following way: u*v = 0 if uv = 0 and u* v =t if uv = At # 0. Notice that if uv € B, then
U*V = Uv.
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