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a b s t r a c t

With the classical ensemble model, we have investigated double ionization of xenon atoms by an
elliptically polarized few-cycle laser pulse at intensity 4�1014 W/cm2. The results show that sequential
double ionization (SDI) and nonsequential double ionization (NSDI) exist simultaneously with this laser
field. The momentum distributions of SDI and NSDI both strongly depend on the carrier-envelop phase
(CEP). Back analysis shows that the ionization times of both electrons in SDI and the recollision time in
NSDI have a strong dependence on CEP, which is responsible for the CEP-dependent momentum
distributions of SDI and NSDI. The rich details of SDI and NSDI are intuitively revealed by back analysis
of the classical trajectories.

Crown Copyright & 2013 Published by Elsevier B.V. All rights reserved.
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1. Introduction

Double ionization (DI) is one of the most important and
fundamental processes among various phenomenas of strong field
laser-matter interactions. In the past decades, numerous of experi-
mental [1–5] as well as theoretical researches [6–18] have been
performed on this area. It has been confirmed that DI can proceed
through two different processes, sequential double ionization
(SDI) and nonsequential double ionization (NSDI). For SDI, two
electrons are ionized one by one independently and no recollision.
It can be understood by the tunneling theory based on the single-
active-electron approximation [19]. For NSDI, both experimental
[2–5,20] and theoretical [21–24] studies have been provided strong
evidences that the rescattering mechanism [25] is responsible for
it. By this mechanism, the first electron that ionizes through
tunneling when the Coulomb barrier is tipped down by the laser
electric field is driven back as the electric field reverses its
direction and collides with the parent ion inelastically which lead
to the second electron being ionized directly or excited with
subsequent field ionization [26]. This rescattering mechanism is
also responsible for the high-order above threshold ionization
[27,28] and high-order harmonic generation [29–33].

In the recent years, strong field DI of atom by an elliptically
polarized laser pulse has been performed in experiment and
theory. For example, for SDI, in Ref. [1], the experimentally
measured semiclassical ionization times in DI of argon and
observed intensity-dependent three-band or four-band structures
13 Published by Elsevier B.V. All r

x: +86 376 6391760.
in the ion momentum distributions. Furthermore, these experiment
results are well reproduced by the classical model, in Ref. [15]. For
NSDI, in Ref. [34], on the basis of a semiclassical model, the authors
investigated the momentum distributions of the ion and correlated
electron by elliptically polarized laser fields for the various ellipticities
and found that all of the successful NSDI events are still as the result of
CEP (π)

Fig. 1. The total yield of double (a) and single ionization (b) as the function of CEP.
The laser intensity is 4.0�1014 W/cm2, the wavelength is 800 nm, the ellipticity
ε¼0.3 and the pulse duration is 4 cycles.

ights reserved.

www.elsevier.com/locate/optcom
www.elsevier.com/locate/optcom
http://dx.doi.org/10.1016/j.optcom.2013.04.029
http://dx.doi.org/10.1016/j.optcom.2013.04.029
http://dx.doi.org/10.1016/j.optcom.2013.04.029
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.optcom.2013.04.029&domain=pdf
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.optcom.2013.04.029&domain=pdf
http://crossmark.dyndns.org/dialog/?doi=10.1016/j.optcom.2013.04.029&domain=pdf
mailto:hnyubenhai@163.com
http://dx.doi.org/10.1016/j.optcom.2013.04.029


-1 0 1-1 0 1

-1

0

1

-1

0

1

-1

0

1

P
y

e 2
 (a.u.)

P ye2
 (a

.u
.)

P ye2
 (a

.u
.)

P ye2
 (a

.u
.)

P ye2
 (a

.u
.)

P
y

e 2
 (a.u.)

0 0.2 0.4 0.6 0.8 1

-1

0

1

0 0.2 0.4 0.6 0.8 1

AB

B

φ =0π

φ =0.25π

φ =0.75π φ =1.75π

φ =1.5π

φ =1.25π

φ =1π

φ =0.5π

Fig. 2. The momentum distributions of two electrons along the short axis of the laser polarization plane for the trajectories from SDI. The panels (a)–(h) represent CEP Φ¼0π,
0.25π, 0.5π, 0.75π, 1π, 1.25π, 1.5π and 1.75π, respectively. The laser parameters are same as Fig. 1.
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recollision and the main contribution to NSDI no longer comes from
the first return of the tunneled electron to its parent ion, as is typical
for linear polarization, but from longer orbits for the sufficiently large
ellipticity. But so far the dependence of strong field DI for carrier-
envelop phase (CEP) in ellipticity few-cycle laser pulse has never been
reported, so the microscopic dynamics of electron in this case is
obscure.

In this paper, with the classical ensemble model, we investi-
gated strong field DI of xenon atoms by elliptically polarized few-
cycle laser pulses. The results show that SDI and NSDI exist
simultaneously with this laser pulse. The momentum distributions
of two electrons from this two kinds of events strongly depend on
CEP. Back analysis shows that the ionization times of both
electrons in SDI and the recollision time in NSDI have a strong
dependence on CEP, which is responsible for the CEP-dependent
momentum distributions of SDI and NSDI. In addition, we find, for
NSDI, that the recollision occurs at the first or the second return of
the first electron, but not for the third or a later return in the case
of elliptically polarized few-cycle laser field.
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Fig. 3. DI yields versus SI (black) and DI time (gray) for the events from Fig. 2(a)–
(d), respectively. The black and gray curves represent the laser fields along the x-
and y-axis, respectively.
2. The classical ensemble model

The classical ensemble model has been described detailedly in
Ref. [14] and has been used in understanding the physical process
of SDI [16] and NSDI [35–40] successfully. In this model, the
evolution of two electrons system is governed by Newton's
equations of motion [14] (atomic units are used throughout unless
stated otherwise):

d2 r!i=dt
2 ¼−∇

!½Vneð r!iÞ þ Veeð r!1; r
!

2Þ�− E
!ðtÞ ð1Þ

Where the index i¼1, 2 refers to the two electrons. r! represents
the two-dimensional (2D) space coordinate, and E

!ðtÞ is the
electric field of the elliptically polarized few-cycle laser pulse:

E
!ðtÞ ¼ ðE0=

ffiffiffiffiffiffiffiffiffiffiffiffiffi
ε2 þ 1

p
Þf ðtÞ½ e!x sin ðωt þ ΦÞ þ e!yε cos ðωt þ ΦÞ�: ð2Þ

where E0, ε, ω and Φ represent the maximum of the laser electric
field, ellipticity, laer frequency and CEP, respectively. Our classical
ensemble contains 2�106 xenon atoms. In order to obtain enough
sub-ensemble for SDI and NSDI, we set ε¼0.3. Φ ranging from 0 to
1.75π. e!x and e!y represent unit vectors along the long and the short
axes of the laser polarization plane, respectively. The potentials are

Vneð r!iÞ ¼ −2=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
r!i

2 þ a2
q

and Veeð r!1; r
!

2Þ ¼ 1=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð r!1− r!2Þ2 þ b2

q
;

ð3Þ
representing the ion–electron and electron–electron interactions,
respectively. In the classical model, we employ the softening para-
meter a to prevent one electron dropping deeply into the Coulomb
well and transferring enough energy to the other electron for it to
escape the atom [39]. For the ground-state energy of xenon, i.e.,
−1.23 a.u., the softening parameter must be satisfy a41.626. There is
also an upper limit on a. In order to be able to place the two electrons
into a classically allowed region with total energy of −1.23 a.u., the
softening parameter must satisfy ao2.112 [39]. In this paper, we set
a¼1.85. The softening parameter b in the electron–electron inter-
action is include to avoid the mathematical singularity in our
calculations, we set b¼0.05.

To obtain the initial value, two 2D electrons populated starting
from a classically allowed position for the xenon atoms ground-state
energy of −1.23 a.u. The initial position of two electrons are situated
at (0.95, 0) and (−0.95, 0), respectively. The potential energy at this
position is −1.0627 a.u., so the kinetic energy is 0.1673 a.u. The kinetic
energy is distributed between the two electrons randomly in the
momentum space [21]. Each electron is given the radial velocity only,
with sign randomly selected. Then the two electrons are allowed to
evolve for a sufficiently long time (100 a.u.) with the absence of the
laser field until obtaining the stable position and momentum
distribution [40]. Then we turn on the elliptically polarized few-
cycle laser pulse. Both Coulomb field and laser field dominate the
evolution of the two electrons system. At the end of the laser pulse,
we calculate the statistics of DI events which are defined if both
electrons achieve the positive energies [21].

We mention that in our classical model, we set the summation
of the first and the second ionization potentials of the model atom
to be that of the target. In our model atom, the first and the second
ionization potentials do not, respectively, match those of the
target. However, previous studies have proved that this model is
very useful in study double ionization at the qualitative level
[16,35,39]. Thus, in this paper we employ this simple model,
aiming to have qualitative understanding on the CEP effect of DI
in the elliptical laser field.
3. Results and discussions

We calculated DI of xenon atoms by an ellipticity few-cycle
laser pulse with the intensity I¼4�1014 W/cm2, wavelength
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λ¼800 nm and the pulse duration is 4T (T is the laser cycle). First,
in Fig. 1 we show that single and double ionization yields as a
function of the CEP. It is clearly seen that both the single and
double ionization yields have negligible dependence on the CEP,
which is in accord with previous experimental results [41].

Back analysis of the trajectories shows that SDI and NSDI exist
simultaneously in DI events, and we separated DI into SDI and
NSDI based on the condition whether there are recollisions or not
[16]. Fig. 2 displays the momentum distributions of two electrons
along the short axis of the laser polarization plane (y-axis) for SDI
at eight different CEPs. When CEP Φ¼0, the momenta are mainly
distributed in three regions, as shown in Fig. 2(a). Region A locates
at the first quadrant, meaning that two electrons emit into the
same hemisphere, and regions B locate at the second and fourth
quadrants, meaning that two electrons emit into the opposite
hemispheres [23]. When Φ¼0.25π and 0.5π, the population
primarily in the first quadrant [see Fig. 2(b) and (c)]. While when
Φ increases to 0.75π, the momenta mainly distributed in the
second and fourth quadrants [see Fig. 2(d)]. Comparing the left
and right columns of Fig. 2, one can see a much too similar pattern
of trajectories appears every π phase with only an inversion of the
axis due to a reversed laser field direction [37].

Consequently, from above analysis, we know that, for SDI, the
electron momentum distributions along the y-axis strongly
depend on CEP. In order to understand this issue, we trace back
the history of the two-electron trajectories. We define the time of
single ionization (SI) to be the first time when one of the two
electrons obtains positive energy (where the energy includes the
kinetic energy and the potential energies of ion–electron and
electron–electron interactions), and DI time to be the first time
of the two electrons both having positive energies [21].

Fig. 3 displays the SI time (black) and DI time (gray) for Φ¼0,
0.25π, 0.5π and 0.75π, respectively. In Fig. 4 we display the time
delay between the final ionization of the first and the second
electrons. According to the simple-man model [25], the final
momentum is mainly determined by the laser phase at release.
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Fig. 4. DI yields versus the time delay between the final ionization of the firs
When Φ¼0, the first ionization occurs near peak 1 and the
dominant part of the second ionization occurs near peak 2 [see
Fig. 3(a)]. The time delay between the two ionization steps is 0.5T,
corresponding to the first peak of Fig. 4(a). For these trajectories,
the two electrons emit into the opposite hemispheres along the
y-axis, responsible for the distribution in regions B of Fig. 2(a). In
Fig. 3(a), there also a small part of trajectories, where the second
electron ionizes near peak 3. The time delay between the two
ionization steps is about 1.0T [see the second peak of Fig. 4(a)]. For
these trajectories the two electrons emit into the same hemi-
sphere along the y-axis, corresponding to the distribution in
region A of Fig. 2(a). When Φ¼0.25π, the first ionization still
occurs near peak 1, but the number of second ionization near peak
3 becomes great [see Fig. 3(b)]. Suggesting that much more
electrons doubly ionized with a time delay 1.0T [compare the
second peaks of Fig. 4(a) and (b)]. Hence, more electron pairs emit
into the same hemisphere compared with the case of Φ¼0,
as shown in Fig. 2(b). As CEP increases to 0.5π, the dominate parts
of the first and second ionizations occur near peak 1 and peak 3,
respectively. The time delay between two ionization steps is about
1.0T, corresponding to the second peak of Fig. 4(c). For these
trajectories the two electrons emit into the same hemisphere, as
shown in Fig. 2(c). However, as CEP further increases to 0.75π, it is
clearly seen from Fig. 3(d) that the dominate parts of the first and
the second ionizations occur near peak 2 and peak 3, respectively.
The time delay between two ionization steps is 0.5T, correspond-
ing to the first peak of Fig. 4(d). For these trajectories, the two
electrons emit into the opposite hemispheres [see Fig. 2(d)].

It is more interesting for NSDI. Fig. 5 displays the momentum
distributions along the long axis of the laser polarization plane
(x-axis). It is clearly seen that the momenta are mainly distributed
in the first or third quadrants depending on CEP. This two
quadrants both indicate that two electrons emit into the same
hemisphere (along +x or −x) [40]. Fig. 6 displays the momentum
distributions of two electrons along the y-axis. One can see at the
various CEPs that the momentum spectra are mainly distributed in
1 2 3
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t and the second electrons for the events from Fig. 3(a)–(d), respectively.
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the second and fourth quadrants which indicates that the two
electrons emit into the opposite hemispheres [40]. Both Figs. 5 and
6 exhibit that the much too similar pattern of trajectories appears
every π phase which also is due to a reversed laser field direction.
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In order to understand the microscopic dynamics of NSDI in
elliptically polarized few-cycle laer fields, in Fig. 7 we present the
counts of NSDI versus laer phases at recollision for Φ¼0, 0.25π,
0.5π and 0.75π, respectively. Here the recollision time is defined to
be the instant of the closest approach after the first departure of
one electron from the parent core [35]. We refer to the first and
the second ionized electrons after recollision as the first and the
second electrons below, respectively. In Fig. 8 we display the time
delay between the final ionization of the first and the second electr-
ons after recollision, and Fig. 8(a)–(d) correspond to Fig. 7(a)–(d),
respectively.

By tracing the NSDI trajectories we find that the most likely
scenario for this laser field is that the first electron often ionizes
directly at recollision and the second electron often ionizes within
0.25T after the first electron ionization (see the first peak in Fig. 8).
When Φ¼0 and 0.25π, the dominate part of the recollision clusters
around the crossing Z1 [see Fig. 7(a)]. For the recollision occurs just
before Z1, meaning that the first electron ionizes just before Z1 and
the second electron ionizes between Z1 and P2. For these trajec-
tories, the two electrons emit into the same direction (along −x)
[see Fig. 5(a) and (b)] but emit into the opposite directions along the
y-axis [see Fig. 6(a) and (b)]. For the recollision occurs just after Z1,
meaning that two electrons ionized between Z1 and P2. For these
trajectories the two electrons still emit in the negative direction of
the x-axis. In the direction of the y-axis, two electrons still escaped
opposite hemispheres as a result of the strong repulsion interaction
between the two electrons at recollision. However, as CEP increases
to 0.5π and 0.75π, the dominate part of the recollision occurs around
the crossing Z2. suggesting that two electrons ionized between P2
and P3. The time delay between two ionization steps is within
-2

0

2

E
ne

rg
y 

(a
.u

.)

 

-2

0

2

P x (a
.u.

)

0 1 2 3 4

-1

0

1

Time (cycle)

P y (a
.u.

)

SDI

c

b

a

ionization

Fig. 11. Two sample trajectories selected from Fig. 2(a) (left column) and Fig. 5(a) (ri
momentum along the x- and the y-axes versus the time for each electron, respectively. T
axes, respectively.
0.25 T, corresponding to the first peak in Fig. 8. For these trajectories
the two electrons emit into the positive direction along the x-axis
[see Fig. 5(c) and (d)]. However, in the direction of the y-axis, for the
trajectories that the first electron ionizes between P2 and Z2 and the
second electron ionizes between Z2 and P3 which lends that two
electrons emit into the opposite hemisphere along the y-axis. But for
the trajectories two electrons both ionizes between Z2 and P3, as the
strongly repulsion between two electrons which leads two electrons
emit into the opposite hemisphere [see Fig. 6(c) and (d)].

We mention that in the linear laser field, recollision often
occurs at the first return of the tunneled electron. In our calcula-
tions, recollision mainly occurs at the second return, as shown in
Fig. 9. For larger ellipticity the contribution from the first return is
more strongly suppressed (Fig. 9). This result is consistent with the
previous study [34].

Fig. 10 displays the space trajectories of two electrons from the
initial to the end of the laser field for SDI and NSDI, and the events
from Fig. 2(a) and Fig. 5(a). The insert panels of Fig. 10(b) and
(c) show the electron space trajectories from the initial to the
recollision for NSDI. In the sub-ensemble, the microscopic
dynamics process of SDI is relatively simple, as shown in Fig. 10
(a). But for NSDI, the processes are relatively complicated as the
result of the recollision, and the recollision only possible via
elliptical trajectories [42]. Trace analysis shows that the electron
returns to the parent ion to recollide either at the first returning
[see the upper-left panel of Fig. 10(b)] or at the second returning
[see the upper-left panel of Fig. 10(c)], but not at the third or later
returning in the case of ellipticity few-cycle laser pulse.

At last, we display two sample trajectories in Fig. 11 for the
events from Figs. 2(a) and 5(a). In the left column, one electron
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ionizes at 1.23T [see the black curve in Fig. 11(a)] and the other
ionizes at 2.40T [see the gray curve in Fig. 11(a)]. The two electrons
emit into the opposite hemispheres along the x-axis [see Fig. 11
(b)], but emit into the same hemisphere along the y-axis [see
Fig. 11(c)]. In the right column, one electron first ionizes at 0.82T
then returns to the parent ion to recollide at 1.97T transferring the
part of energy to the other electron. This process leads that the
two electrons ionized simultaneously [see Fig. 11(d)] and emit into
the same hemisphere along the x-axis [see Fig. 11(e)]. In the
direction of the y-axis, two electrons experience a sudden increase
at recollision as a result of the strong electron–electron repulsion
force, leading that two electrons emit into the opposite hemi-
spheres [see Fig. 11(f)].
4. Conclusion

In summary, using the classical ensemble model, we have
investigated the CEP-dependent strong DI of xenon atoms in ellipti-
cally polarized few-cycle laser pulses. In this laser field, both SDI and
NSDI exist simultaneously in the DI events, and the momentum
distributions for SDI and NSDI have a strong dependence on CEP. By
back analyzing the classical trajectories of two electrons, that the
ionization times of both electrons in SDI and the recollision time in
NSDI strongly depend on CEP, which is responsible for the CEP-
dependent momentum distributions of SDI and NSDI. In addition, we
find recollision ionization mechanism, i.e., (e, 2e) dominates the NSDI
process, and we also found that the recollision occurs at the first
return or the second return of the electron but not for the third or a
later return because of the short pulse duration.
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